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T h is  p a p e r  i s  concerned  w ith  n e c e s s a ry  and s u f f i c i e n t  
c o n d i t io n s  on th e  p r e s e n t a t i o n  o f  a group in  o rd e r  f o r  th e  
group t o  be th e  fundam en ta l group o f  a 3 -m a n ifo ld .
C hap ter  0 i s  e n t i r e l y  devo ted  to  background m a te r i a l  
and i n t r o d u c t i o n .
C hap ter  I  c o n ta in s  th e  developm ent o f  th e  s ta n d a rd
2-com plex a s s o c i a t e d  w ith  th e  p r e s e n t a t i o n  o f  a group as  
w e l l  a s  a  p ro o f  o f  th e  isom orphism  o f  th e  fundam en ta l group 
o f  t h e  comples and th e  o r i g i n a l  g ro u p .
C h a p te r  I I  in t r o d u c e s  th e  id e a s  o f  o rd e r in g  a p r e s e n ­
t a t i o n  o f  a  g roup , th e  c y c le s  o f  a p r e s e n ta t i o n  and th e  
components o f  a p r e s e n t a t i o n .  A lgorithm s a re  p r e s e n te d  
f o r  th e  com puta tion  o f  th e  number o f  c y c le s  and th e  com­
p o n e n ts  .
In  C h ap te r  I I I  th e  n o t io n  o f  a v e r te x  m an ifo ld  o f  an 
o rd e re d  p r e s e n t a t i o n  i s  d e s c r ib e d .  .Further th e  E u le r  cha­
r a c t e r i s t i c  o f  th e  v e r te x  m an ifo ld  i s  computed d i r e c t l y  from 
t h e  o rd e re d  p r e s e n t a t i o n .
In  C hap ter  IV th e  s ta n d a r d  2-com plex o f  an o rd e red  
p r e s e n t a t i o n  i s  embedded in  an o r i e n t e d  3 -d im en s io n a l  
CW-complex as  a  s p in e .  T h is  3 -d im e n s io n a l  complex i s  
shown t o  have a t  most one n o n -m an ifo ld  p o i n t .  The n e ig h ­
borhood o f  t h i s  p o in t  i s  d e te rm in ed  by th e  v e r te x  m an ifo ld  
and i s  a b a l l  i f  th e  v e r t e x  m a n ifo ld  i s  a s p h e re .
In  C hap ter  V th e  o r i e n t a b l e  c o n d i t io n s  a re  r e la x e d  
and th e  r e s u l t s  a r e  e x ten d ed  t o  in c lu d e  n o n - o r ie n ta b le  
m a n i fo ld s .
The main r e s u l t  can be summarized as  fo l lp w s :  L e t G 
be a group w ith  a p r e s e n t a t i o n  P and an o rd e r in g  f o r  P . 
L e t |R | be th e  number o f  a p p e a ran c es  o f  a l l  g e n e ra to r s  
in  P . Let h be th e  number o f  c y c le s ,  | s |  th e  number 
o f  g e n e ra to r s  and |Y (P ) |  t h e  number o f  components o f  P . 
Then th e  s ta n d a rd  2-com plex a s s o c i a t e d  w ith  th e  p r e s e n t a t i o n  
i s  th e  sp in e  o f  a th r e e - m a n i f o ld  i f  and on ly  i f  
T| + 2 JS| + 2 -  21Y (P) | -  |R | = 2 .
I f  t h i s  c o n d i t io n  i s  s a t i s f i e d ,  th e  c o n s t ru c t io n  o f  
th e  3 -m an ifo ld  i s  a l s o  p r e s e n te d .
CHAPTER O 
INTRODUCTION
T h is  p a p e r  i s  concerned w i th  d e v e lo p in g  n e c e s s a ry  
and s u f f i c i e n t  c o n d i t io n s  f o r  al'-group to  he th e  fundam en ta l 
group o f  a  3 -m a n ifo ld  w ith  b o u n d a ry . These c o n d i t io n s  w i l l  
be c r i t e r i a  f o r  a  p r e s e n t a t i o n  which i s  chosen f o r  th e  g roup . 
T hat i s ,  c o n d i t io n s  w i l l  be deve loped  s u f f i c i e n t  to  g u a ran tee  
t h a t  a p r e s e n t a t i o n  r e p r e s e n t s  a group iso m o rp h ic  t o  th e  
fu n d am en ta l  group o f  a 3 -m a n ifo ld .  And any fundam en ta l 
group  o f  a  3 -m a n ifo ld  w i l l  have a  p r e s e n t a t i o n  s a t i s f y i n g  
th e s e  c o n d i t i o n s . .  The l a r g e r  q u e s t io n  must rem ain unanswered 
s in c e  S t a l l i n g s  in  [1 ]  shows i t  i s  im p o s s ib le  t o  f i n d  an 
a lg o r i th m  t o  d ec id e  w hethe r  a f i n i t e  p r e s e n t a t i o n  o f  a group 
d e f in e s  a group iso m o rp h ic  t o  t h e  fun d am en ta l  group of a
3 - m a n i fo ld .
In  [ 2] L . N euw irth  a t t a c k s  t h i s  problem  from th e  p o in t  
o f  view o f  c o n d i t io n s  on t h e  c a n o n ic a l  2-com plex o f  a p r e ­
s e n t a t i o n .  In t h i s  p ap e r  he r e s t r i c t s  h im s e l f  t o  c lo se d
1
o r i e n t a b l e  3 - m a n i f o ld s .
A c o n s e c u t iv e  numbering system  i s  employed f o r  each 
c h a p te r .  That i s ,  I I . 6 i s  th e  s i x t h  numbered item  in  
C hap ter  I I  r e g a r d l e s s  o f  w hether i t  i s  a theorem  o r  d e f i ­
n i t i o n .
L et En be th e  s e t  o f  a l l  p o in t s  in  E u c lid e a n  n -sp ace  
w ith  d i s t a n c e  from th e  o r ig in  l e s s  th a n  o r  eq u a l  t o  one.
L et U*1 d eno te  th e  i n t e r i o r  o f  En , and Sn“^ th e  
boundary  o f  En . We now d e f in e  th e  n o t io n  o f  CW-complex 
as  in t ro d u c e d  by J .  H. C. W hitehead in  [31*
D e f in i t i o n  0 . 1 . A H au sd o rff  space X i s  c a l l e d  a CW-complex
00 i
i f  X = U X where
i=0
1)  X* c  Xi+1 f o r  each  i  e { 0 , 1 , 2 , • • • )  ;
2) X° i s  a  d i s c r e t e  sp a c e ;
3) X 'V ” - 1 i s  a c o l l e c t i o n  o f  d i s j o i n t  n - c e l l s  {e^} and
f o r  each  \  t h e r e  i s  a co n t in u o u s  fu n c t io n  such t h a t
f^  maps t / 1 hom eom orphically  on to  e^ and
f x (S11" 1 ) c  Xn_1 ;
4 )  X h as  th e  weak to p o lo g y ;
5) X i s  c lo s u re  f i n i t e ,  t h a t  i s  f o r  each X , f ^ s ” ""1 ) 
i n t e r s e c t s  a  f i n i t e  number o f  c e l l s  o f  d im ension 
n -1  o r  l e s s .
D e f in i t i o n  0 .2 .  Suppose A i s  a s e t  o f  p o i n t s .  By an
a b s t r a c t  s i m p l i c i a l  n - s im p le x ,  a , in  A i s  meant a
s u b s e t  {aQ, a 1 , • • * ,an ) o f  n+1 d i s t i n c t  e lem en ts  o f  A ;
a.Q,a-^, • • * ,an a re  c a l l e d  v e r t i c e s  o f  a . By a f a c e  o f  a
i s  meant any su b s e t  o f  a . An a b s t r a c t  s i m p l i c i a l  complex,
K o v er  A , i s  a s e t  o f  a b s t r a c t  s im plexes  in  A such
t h a t  each s im plex  in  K has a l l  o f  i t s  f a c e s  in  K . Given
n+1 l i n e a r l y  in d e p en d en t p o i n t s  P0 ,p -p P 2 .> * * **Pn in  an
a f f i n e  sp a c e ,  th e  g eo m etr ic  n -s im p le x  spanned by
, n . n
* * *,p n i s  d e f ir ied  as  f S i= O xi p i ’ S i= 0  Xi  = 1 and
0 < X± < 1) . We d en o te  th e  g eo m etr ic  n -s im p le x  by 
( P o ^ P i ^ * ^ P n )  • Suppose K i s  an a b s t r a c t  s i m p l i c i a l  
complex o v er  A = {aQ, a-^, * • •, am) . L et L be a re&l v e c to r  
space h av in g  b a s i s  { b Q ,b i , • • • , bm) . Let be th e  u n i t
p o in t  on th e  v e c to r  b^ . By a g eo m etr ic  r e a l i z a t i o n  o f  th e  
a b s t r a c t  s i m p l i c i a l  complex K we mean th e  un ion  o f  a l l  
g eo m e tr ic  s im p lexes  * * *, a i (  j ) ) f o r  which
^a i ( l ) , a i ( 2 )*  * * *, a i (  j  ) i s  an aPs t r a c 't  s im plex  in  A . The 
f a c e  o f  a g eo m etr ic  s im plex  c o r re sp o n d s  t o  th e  a b s t r a c t  
f a c e .  In  p r a c t i c e  th e  l i n e  between a b s t r a c t  and g e o m e tr ic a l  
complexes b l u r s  w ith o u t  i n c u r r in g  a l o s s  o f  p r e c i s i o n .
D e f in i t i o n  0 . 3 . L et o be th e  g eo m etr ic  s im plex  spanned
n I
"by P0 > P i* * ***Pn • The p o in t  s i =o rT+T p i  i s  c a l l e d  th e
b a r y c e n te r  o f  a . Each f a c e  o f  a has a b a r y c e n te r ,  s in c e
each f a c e  o f  a i s  a g a in  a s im p le x .  I f  a and b a re
b a r y c e n te r s  o f  s im p l ic e s  a  and p r e s p e c t i v e l y ,  then  
we w r i t e  a < b i f  a i s  a f a c e  of p . By th e  b a ry -  
c e n t r i c  s u b d iv i s io n  o f  a s im plex  cr we mean th e  complex 
formed by t a k i n g  a l l  s im p lexes  whose v e r t i c e s  a re  b a ry -  
c e n t e r s  o f  a o r  i t s  f a c e s  w i th  th e  added c o n d i t io n  t h a t  
i f  a  and b a r e  v e r t i c e s  o f  th e  same sim plex  then  a < b . 
By th e  b a r y c e n t r i c  s u b d iv i s io n  o f  a g e o m e tr ic a l  complex we 
mean th e  un ion  o f  th e  b a r y c e n t r i c  s u b d iv is io n s  o f  i t s  com­
p o n en t s im p le x e s .  The p ro c e s s  can be i t e r a t e d  j  t im es  
and th e  r e s u l t  i s  c a l l e d  th e  j t h  b a r y c e n t r i c  s u b d iv i s io n .
D e f in i t i o n  0 . 4 . I f  K and L a re  g e o m e tr ic a l  s i m p l i c i a l  
com plexes and f  i s  a  co n tin u o u s  f u n c t io n  w ith  domain K 
and range  L , then  f  i s  c a l l e d  a s i m p l i c i a l  map i f  th e  
image o f  each  v e r te x  i s  a  v e r t e x  and i f  each  sim plex in  K 
i s  mapped o n to  a s im plex  in  L in  an a f f i n e  m anner. The 
map f  w i l l  be c a l l e d  p ie c e w is e  l i n e a r  i f  t h e r e  i s  a  sim­
p l i c i a l  s t r u c t u r e  on K and L f o r  which f  i s  a s im p l i ­
c i a l  map.
D e f in i t i o n  0 . 5 . I f  K i s  a g e o m e tr ic a l  s i m p l i c i a l  complex 
and L i s  a subcomplex o f  K , t h a t  i s  L i s  a complex
and ev e ry  s im plex  o f  L i s  a l s o  in  K , th en  by a  r e g u la r
ne ighborhood  o f  L in  K i s  meant th e  subcomplex o f  K 
c o n s i s t i n g  o f  a l l  s im p lexes  o f  K hav in g  a t  l e a s t  one fa c e  
in  L . T h is  subcomplex i s  deno ted  by R(L,K) . The symbol
R (L ,K ,j )  r e p r e s e n t s  th e  r e g u la r  neighborhood o f  L in  
K when th e  s i m p l i c i a l  s t r u c t u r e  on K and L i s  tak en  
t o  be th e  j t h  b a r y c e n t r i c  s u b d iv i s io n .
D e f in i t i o n  0 . 6 . Suppose f  and g a r e  f u n c t io n s  from X 
to  Y , th en  f  and g a r e  s a id  to  be homotopic i f  t h e r e  
e x i s t s  a co n t in u o u s  fu n c t io n  H:X x [ 0 ,1 ]  -* Y such t h a t
H ( x , l )  = f ( x )  and H (x ,0 ) = g (x )  f o r  each x in  X . The
fu n c t io n  H i s  r e f e r r e d  t o  a s  a  homotopy.
A r e t r a c t  o f  a space X on to  a s u b s e t  A i s  a  con­
t in u o u s  fu n c t io n  r:X  -> A where r |A  = id ^  . A defo rm ation
r e t r a c t  i s  a r e t r a c t  r  t h a t  i s  homotopic t o  th e  i d e n t i t y  
on X and i f  H i s  th e  homotopy H ( a , t )  = a f o r  a l l  a 
in  A and t  in  [ 0 ,1 ]  . A de fo rm atio n  r e t r a c t  r  i s  
c a l l e d  a s t r o n g  d e fo rm atio n  r e t r a c t  i f  th e  homotopy H has 
th e  a d d i t i o n a l  p r o p e r ty  H (x , t )  i s  n o t  in  A , i f  x i s  
n o t  in  A and t  does n o t  e q u a l to  1 .
D e f in i t i o n  0 . 7 . L et K be a s u b s e t  o f  some g e o m e tr ic a l  
s i m p l i c i a l  complex and v a p o in t  in  th e  com plex. By th e  
cone o v e r  K w ith  cone p o in t  v , d en o ted -b y  C(K,v) , i s  
meant [ t v  + ( l - t ) p j t  e [ 0 ,1 ]  , p e K and i f  p ,q  e K , 
p ^  q th en
CHAPTER I  
PRELIMINARIES
There i s  a c l a s s i c a l  method o f  c o n s t r u c t in g  a 
2 -d im e n s io n a l  CW-complex from a p r e s e n t a t i o n  o f  a group so 
t h a t  th e  fundam en ta l group o f  th e  r e s u l t i n g  complex i s  
isom orph ic  t o  th e  o r i g i n a l  g ro u p . T h is  method o f  c o n s t ru c ­
t i o n  w i l l  be p r e s e n te d  in  t h i s  c h a p te r  a lo n g  w ith  a p ro o f  o f  
th e  f a c t  t h a t  such an isom orphism  i s  o b ta in e d .
By sa y in g  t h a t  P i s  a p r e s e n t a t i o n  o f  a group G we 
w i l l  mean t h a t  P i s  a t r i p l e  (cp, S,R) ; where cp i s  a
homomorphism from a f r e e  group F o n to  G , S i s  a  s e t
o f  g e n e r a to r s  f o r  F , R i s  a  s u b s e t  o f F w ith  th e
p r o p e r ty  t h a t  th e  k e r n e l  o f  cp i s  th e  s m a l l e s t  norm al sub­
group o f  F c o n ta in in g  R . Each member o f  *R i s  c a l l e d  
a r e l a t o r , and each r e l a t o r  i s  e x p re s se d  a s  a p ro d u c t  o f  
members o f  S o r  t h e i r  i n v e r s e s .
L e t G be a group p r e s e n te d  by cp = (cp, S,R) . A 
t y p i c a l  r e l a t o r  r  e R can be e x p re s se d  as
6
®a(lj go [ l ]  " •  ga [ | ? | ]  where esoh « a ( l ) e S ’ e ( 1 > = ± 1 where
® a ( i j  i s  c a ‘L-1-ed an appearance  and j r |  i s  th e  number o f
ap p e a ra n c es  in  th e  r e l a t o r  r  . For each r  e R , l e t  Dr
be a d i s t i n c t  copy o f  t h e  p la n a r  d i s c  w ith  c e n te r  a t  th e
o r i g i n  and r a d iu s  1 . L et h r : [ 0 , j r | ]  Bd Dr  be d e f in e d  
2irix
by hr (x) = e l r l .
Lemma 1 . 1 . F or each  t  e Bd t h e r e  i s  a un ique 
k e [ 0 , 1 , 2 , • • • , j r j  -  1) and a un ique i  e [ 0 ,1 )  such t h a t  
h r (k+j&) = t  .
P r o o f . The r e s t r i c t i o n  o f  h r  t o  [ 0 , | r | )  i s  o n e - to -o n e  
and o n to  th e  boundary  o f  Dr  . A lso , each x e [ 0 , | r | )  can 
be w r i t t e n  u n iq u e ly  as  x = k+A when k e [ 0 , 1 , 2 , • • • , J r |  -  1) 
and jI e [ 0 ,1 )  .□
2F or each g e S , l e t  C : [ 0 ,1 ]  -* E be a sim ple&
c lo s e d  cu rve  such th a t ,  i f  h e S , h ^  g ,
Ch ( ( 0 , l ) )  0 C g(( 0 ,1 ) )  = 0  and Ch (0) = Cg (0) . T ha t i s  t o  
say  we ta k e  a lo o p  f o r  each  g e n e ra to r  so t h a t  th e  i n t e r s e c t i o n  
o f  any two i s  a s i n g l e  p o i n t ,  say  v . L et 
B = U{C ( [ 0 , 1 ] ) |g  e S) . We a re  now read y  t o  c o n s t r u c t  th e  
CW-complex K(P) a s s o c i a t e d  w ith  th e  p r e s e n t a t i o n  P .
D e f in i t i o n  1 . 2 . The CW-complex a s s o c ia te d  w ith  th e  p re s e n ­
t a t i o n  P = (cp,S,R) den o ted  by K(P) , :1s th e  complex w ith
B as  a  1 - s k e le to n  and c e l l s  (Dr Jr  e R) a t ta c h e d  t o  B in  
th e  fo l lo w in g  m anner. L e t t  e Bd Dr  , th en  t h e r e  e x i s t s  
a un ique i n t e g e r  k and a un ique A e [ 0 ,1 )  such t h a t  
hr (k+jfc) = t  . We d e f in e  th e  a t t a c h i n g  map Ar :Bd Dr  -* B by
The rem ainder  o f  t h i s  c h a p te r  w i l l  he concerned  w ith  
showing t h a t  II(K(P)) i s  isom orph ic  t o  G . The m ajor t o o l s  
used in  d e m o n s tra t in g  t h i s  f a c t  a r e  th e  theorem  o f  S e i f e r t  
and Van Kampen, a g e n e r a l i z a t i o n  o f  t h i s  theorem  and an 
a s s o c ia t e d  lemma. P ro o fs  o f  a l l  t h r e e  a r e  p r e s e n te d  by 
W. S . Massey in  [ 4 ] and on ly  th e  s ta te m e n ts  a re  in c lu d ed  
h e r e .
Theorem 1 . 3 ■ ( S e i f e r t  and Van Kampen [ 4 ] ) .  Suppose U and 
V a r e  a rc w ise  connec ted  open s u b s e ts  o f  X such t h a t  
X = U U V and U fl V i s  non-empty and a rcw ise  co n n e c te d . 
Suppose a l l  fundam en ta l groups m entioned have b ase  p o in t  
Xq e U 0 V , and th e  homomorphisms cp̂  and ^  , i = l , 2 , 3  
a re  induced  by in c lu s io n  maps. L et H be any group and 
P-̂  , Pg and P^ be th r e e  homomorphisms such t h a t  th e  f o l ­
low ing  d iagram  i s  com m utative:
g a (k + l)





Then t h e r e  e x i s t s  a un ique homomorphism a such t h a t  th e  






Theorem 1 . 4 . (Massey [ 4 ] ) .  Let X be an a rc w ise  connected  
t o p o l o g i c a l  space  and xQ e X . L et {UT )t e T) be a c o v e r in g  
o f  X by a rcw ise  connected  open s e t s  such t h a t  f o r  a l l  t e T ,
i i i
Xq e UT . Assume t h a t  f o r  any two in d ic e s  t , t e T t h e r e
e x i s t s  an index t e T such th a t  U fl U , ,  = U . I f
t  1 T
Ux c  , l e t  Vxtl:n (u x ) ) d eno te  th e  homomorphism
induced  by i n c l u s i o n .  L et \liT :n(uT) -* n(x) be th e  homomor­
phism  induced  by i n c l u s i o n . Let H be any group and l e t  
PT:n (u T ) -» H be any c o l l e c t i o n  o f  homomorphisms such t h a t  i f  
U. c  U , th e  fo l lo w in g  d iagram  commutes:
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n(u,
Then t h e r e  e x i s t s  a un ique homomorphism a:II(X) -» H such 
t h a t  f o r  any t e T th e  fo l lo w in g  d iagram  i s  commutative:
n(x)
Moreover t h i s  u n iv e r s a l  mapping c o n d i t io n  c h a r a c t e r i z e s  n(x) 
up t o . a  u n iq u e  isom orphism .
The a s s o c i a t e d  lemma can be s t a t e d  b r i e f l y  i f  we assume 
th e  n o t a t i o n  and c o n d i t io n s  o f  theorem  1 .4 .
Lemma 1 . 5 . (Massey [ 4 ] ) .  II(X) i s  g e n e ra te d  by 
u ( * T (n(UT) ) |T  e T) .
U n less  o th e rw ise  i n d i c a t e d ,  a l l  fundam en ta l groups w i l l  
have b a se  p o in t  v , th e  v e r te x  o f  K(P) . For th e  p ro o f  
o f  the,: main theorem  we w i l l  need a loop  in  ( I n t  D ) U (hr (0 ))  
which i s  homotopic t o  h r  . L et Ti : [ 0, | r  | ] -> Dr  be d e f in e d
fey
11
h - r ( X ) "  ( ?  +
X -  I  M  
l r I •
)M x )
Lemma 1 . 6 . hr  i s  homotopic t o  h r  in  Dr \{ 0 )  . 
P ro o f . D efine  H : [ 0 , | r | ]  x [ 0 ,1 ]  -* D as  fo l lo w s ;
H ( x , t )  = ( l - t ) h r (x) + t  h r (x) .
To com plete  th e  p ro o f  we show t h a t  i f  x e ( 0 , | r | )  and 
t  > 0 , th en  0 < j H ( x , t ) j  < 1 . T h is  w i l l  g u a ra n te e  t h a t  
th e  homotopy ta k e s  p la c e  in  D\{0) , as w e l l  a s  t o  a s c e r t a i n  
t h a t  im Kr  c  I n t  Dr  U {hr (0 ))  .
|H ( x , t ) |  = *  -  | l ' l
hr (x) ( l - t )  + t (  tj +
M
X -  §M
l r l
)hr (x)| =
1 -  £  t  + t
x -
l r  I
I f  x  € ( 0 , | r | )  and t  > 0 , th en  0 <
-




1 -  §  t  + t
M
X -  § M
M
< (1 -  t  + (•£ -  € ) t  | < 1
I > |1  -  t |  > 0 . T h is
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com ple tes  th e  p r o o f .  □
A d d i t io n a l  n o t a t i o n  i s  r e q u i r e d  in  t h e  p ro o fs  o f  th e  
fo l lo w in g  th eo rem s. The in c lu s io n  map from 
( I n t  Dr ) U fhr (0 ))  i n t o  K(P) i s  deno ted  by . L et
I
Pr  be th e  image o f  th e  o r ig in  under . L et Dr  be
d e f in e d  as
= ( i m ' i r \ { p r }) U R (v ,K (P ) ,2 )  .
The f a c t  t h a t  R (v ,K (P ) ,2 )  i s  c o n t r a c t i b l e  t o  v i s  used  
in  th e  fo l lo w in g  p r o o f .  Let a  : [ 0 ,  |r j . ]  -» K(P) be d e f in e d  
a s  a r ( t )  = Ar ° h r ( t )  . We use  th e  s ta n d a rd  n o ta t io n  f o r  th e  
e lem ent o f  n ( K ( P ) )  which c o n ta in s  th e  lo o p  a r  , t h a t  i s  
[<xr ] . We f i r s t  c o n s id e r  th e  main theorem  o f  th e  c h a p te r  in  
th e  ca se  where th e  r e l a t i n g  s e t  R i s  f i n i t e .
Theorem 1 . 7 * I f  th e  number o f  r e l a t o r s  in  P i s  f i n i t e ,  
th e n  n (K (P )) i s  isom orph ic  t o  th e  group p r e s e n te d  by P .
P ro o f .  We w i l l  show t h a t  I1(K(P)) can be p r e s e n te d  w ith  
g e n e r a t in g  s e t  f[Cg ] | s  e S) and f [ a r ] | r  e R} as  th e  s e t  o f  
r e l a t o r s .  The p ro o f  i s  by in d u c t io n  on th e  number of 
r e l a t o r s ,  and we b eg in  th e  in d u c t io n  a t  z e r o .  Suppose R = 0  . 
Then I1(K(P)) = 11(B) which i s  g e n e ra te d  by { [c s l | s e s 3 • 
Suppose R = {r) . C onsider  th e  fo l lo w in g  commutative 
d iagram  induced  by i n c lu s io n :
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Now, n(K(P) \ {p  1) i s  a f r e e  group g e n e ra te d  by { [C _ ] |s  e S ) ,r s *
b ecau se  B i s  a d e fo rm atio n  r e t r a c t  o f  K (P ) \{ p r ) and 11(B) 
i s  a f r e e  group g e n e ra te d  by {[C -] |s  e S) . To com plete
t h i s  s te p  we must show i s  an epimorphism and k e r  = N
where N i s  th e  s m a l le s t  norm al subgroup c o n ta in in g  {[&,,]} .
A pplying Lemma 1 .5  we have t h a t  II(K(P)) i s  g e n e ra te d  by 
im ^  U im \|f2 . S ince Dr  i s  c o n t r a c t i b l e ,  im i|i2 i s  th e
i d e n t i t y  and II(K(P)) i s  g e n e ra te d  by im ^  . T h e re fo re  ^
i s  an epim orphism .
N ext, we show t h a t  [ a r ] e k e r  . By Lemma 1 .6 ,  TTr  
i s  homotopic t o  h . T h e re fo re  a r  , which e q u a ls  ^r ° h r  * 
i s  hom otopic to  J&r ° ^ r  • T h e re fo re ,  ^ ( [ h ^ , ] )  = [ a r ] . Using 
th e  co m m u ta tiv i ty  o f  th e  d iagram  we have ^ ( [ a ^ ] )  =
^ ( V l f h r l )  = * 2 ^ 2 ^  ] )  = 1 . So N c  k e r  . Next we show
k e r  ^  c  n .
C o n sid er  II(K(P)\ (pr ) )/N . We have th e  fo l lo w in g  commu­
t a t i v e  d iagram  in  which cp̂  i s  th e  n a t u r a l  homomorphism and 
Pq and a re  t r i v i a l .
By th e  S e i f e r t  -  Van Kampen Theorem, we have th e  fo l lo w in g  
d iagram  which commutes]
n ( K ( P ) \ { p r ) ) ---------------------------^  n (K (P ) )
We have k e r  ^  c  k e r  = N . And t h i s  co n c lu d es  th e  case  
in  which R has a s in g l e  r e l a t o r .
Suppose R /  . We make th e  fo l lo w in g  in d u c t iv e
as su m p tio n s .  Choose r* e R . L e t i|r: 11(B) -* I I (K (P ) \In t  D^) 
he induced  by in c l u s i o n , t h e n  assume i|r i s  an epimorphism 
and th e  k e r n e l  o f  i|i i s  th e  s m a l le s t  norm al subgroup o f  
n(s) c o n ta in in g  {[otr ] | r  e R \{ r  3 3 • I n c lu s io n  maps induce  
th e  fo l lo w in g  commutative diagram ]
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n (K(p ) \cPp))
♦o
n(B) ^n(K(p))
n(K(P))\{pr | r  e R\ { r ' }]
F i r s t  n o te  t h a t  K (P ) \ In t  Dr , i s  a  de fo rm atio n  r e t r a c t
o f  K (P ) \ fp r ,3 . T h e re fo re  cp̂  i s  an epimorphism and k e r  cp̂  
i s  th e  s m a l le s t  norm al subgroup o f  11(B) c o n ta in in g
C[ar ] | r  e R \ ( r ' )  ) . A lso K (P )\ U ( I n t  Dr | r  e R \ { r ' )  )
we have Vg i s  an epimorphism and k e r  cp2 i s  th e  s m a l le s t  
norm al subgroup o f  11(B) c o n ta in in g  C[ar ,]) .
S ince  I1(K(P)) i s  g e n e ra te d  by im i|r̂  U im tyg and 
cp-̂  and cpg a re  epim orphism s, we have t h a t  im g e n e ra te s
I1(K(P)) o r  e q u i v a l e n t ly ,  \|Tq i s  an epim orphism . Let N 
be th e  s m a l le s t  norm al subgroup o f  11(B) c o n ta in in g  
{[(XjJJr e R \{ r '  ) } th e n  N c  k e r  cp̂  U k e r  cp2 . T h e re fo re  
N c  k e r  . To com plete  th e  p ro o f  we must show k e r  c  N .
C ons ider  th e  fo l lo w in g  d iagram  where pQ i s  th e  n a t u r a l  
homomorphism and e x i s t s ,  i  = 1 , 2  , because
k e r  c  k e r  Pq ;
i s  a defo rm atio n  r e t r a c t  o f  K (P ) \ (p r | r  e R \{ r  ) ) , and
n ( K ( P ) ) \ { p r | r  6 R \ f r  })
Applying t h e  S e i f e r t  -  Van Kampen Theorem, we g e t  th e  
f o l l o w in g  commutative diagram:
Vn(B) ------------   - * . n ( K ( p ) )
T h e re fo re  k e r  \(|q c  k e r  Pq = N . This  com pletes  th e  p ro o f  
o f  t h e  theorem  when R i s  f i n i t e .
We a r e  now in  p o s i t i o n  t o  prove t h e  theorem in  th e  
g e n e r a l i z e d  s i t u a t i o n  which can he s t a t e d  as  f o l lo w s :
Theorem 1 . 8 . The group p r e s e n t e d  by P i s  isom orph ic  t o
n(K(p)) .
P ro o f .  We need t o  show t h a t  II(K(P)) i s  t h e  homomorphic 
image of  11(B) where t h e  k e r n e l  of  t h e  homomorphism i s  t h e  
s m a l l e s t  normal subgroup g e n e ra t e d  by f[o-r ] | r  e R) . Le t  
A = ( P r l r  e R )  • For  each s u b s e t  T o f  A such t h a t  A\T
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i s  f i n i t e ,  d e f i n e  uT = K(P)\T . Then fUT |A\T i s  f i n i t e }  
forms an open cover  o f  K(P) c o n s i s t i n g  o f  a r c w is e  con­
n e c t e d  s e t s .  F u r t h e r  i f  A\T and A\t ' a r e  f i n i t e ,  th e n  
so i s  A\TUt ' and we have UTnuTt = utuT* * In ° ’t h e r  
words t h i s  co v e r  s a t i s f i e s  t h e  h y p o th e s i s  o f  t h e  g e n e r a l i z e d  
S e i f e r t  -  Van Kampen Theorem.
We n o te  t h a t  UT has f o r  a  de fo rm at ion  r e t r a c t  t h e
complex K(pf ) where P* i s  some p r e s e n t a t i o n  w i th  a  f i n i t e
number o f  r e l a t o r s .  T h e re fo re  II(UT ) i s  t h e  homomorphic 
image o f  11(B) , say  cpT: 11(B) -* I1(UT ) and k e r  cpT i s  t h e  
s m a l l e s t  normal subgroup o f  11(B) c o n t a in i n g
e A\T} . I f  UT c U T i , i n c l u s i o n s  Induce  th e
homomorphisms in  t h e  fo l lo w in g  commutative diagram:
n ( u T )
i
TT
n ( u T « )
n ( K ( p ) )
Since  B i s  a de fo rm at ion  r e t r a c t  o f  u fl we need 
o n ly  show ijr̂  : I I ( U A )  -  n(K( P) )  i s  an epimorphism and 
k e r  \|f̂  i s  t h e  s m a l l e s t  normal subgroup of  "(uA ) con­
t a i n i n g  {[ <xr ] Jr  e R) . We can conclude  t h a t  if ̂  i s  an 
epimorphism s in c e  I I ( K ( P ) )  i s  g e n e ra t e d  by 
U(im tJi,pJA\T i s  f i n i t e }  and T i s  an epimorphism f o r
each  T . F u r t h e r  f [ a a ] | r  e R] c  k e r  t A s in c e  each 
[ a r ] l i e s  in  k e r  t|rT f o r  some T . F i n a l l y ,  by a p p ly in g  
Theorem 1 .4  we see  t h a t  N , t h e  s m a l l e s t  normal subgroup 
o f  n(UA) c o n t a in i n g  { [a r ] | r  e R) , c o n t a in s  k e r  ^A . 
T h is  com ple tes  t h e  p r o o f .  □
CHAPTER I I
Three id e a s  a r e  i n t r o d u c e d  and deve loped  In  t h i s  
c h a p t e r ;  th e  o r d e r i n g  o f  a p r e s e n t a t i o n  o f  a group, th e  
c y c l e s  o f  an o rd e re d  p r e s e n t a t i o n  and the  components o f  
a  p r e s e n t a t i o n .  The development o f  t h e s e  id e a s  in c lu d e  
a l g o r i t h m s  f o r  c o u n t in g  b o t h  th e  c y c l e s  and the  components. 
F i r s t ,  t h e  o r d e r i n g  o f  a p r e s e n t a t i o n  w i l l  be d e f i n e d .
We w i l l  be concerned  w i th  o n ly  f i n i t e  p r e s e n t a t i o n s ,
t h a t  i s  a p r e s e n t a t i o n  P = (cp, S,R) where b o th  th e  gene­
r a t i n g  s e t  S and th e  s e t  o f  r e l a t o r s  R a r e  f i n i t e .  We 
w i l l  use  th e  symbol JSj t o  deno te  the  number o f  g e n e r a t o r s .  
I f  X e S we w i l l  l e t  |X| be th e  number o f  ap pea rances
o f  X i n  a l l  t h e  r e l a t o r s ,  and JRJ be th e  number o f
appea ran c es  o f  a l l  g e n e r a t o r s  i n  R .*
D e f i n i t i o n  2 . 1 . By an o r d e r i n g  o f  a  g e n e r a t o r  X i s  meant 
a  o n e - to -o n e  f u n c t i o n  from { 1 ,2 ,3 * • • • *  |X | ) t o  the  s e t  o f  
ap p e a ran ces  o f  X .
D e f i n i t i o n  2 . 2 .  By an o r d e r i n g  o f  a p r e s e n t a t i o n
P = (<P, S,R) i s  meant a  c o l l e c t i o n  o f  o r d e r in g s  c o n t a i n i n g  
one f o r  each  X € S .
I n  p r a c t i c e  we i n d i c a t e  th e  appearance  o f  X which
i s  t h e  image o f  j  by  th e  s u b s c r i p t  j  . For example,
c o n s i d e r  t h e  p r e s e n t a t i o n  P = [X, Y|XYX"1Y“1 ,XXY) , th e n
*1 1
one o r d e r i n g  f o r  P can be r e p r e s e n t e d  as  {XjYjX-jYgX^ Y-̂
x 2x 3y3 ) .
W ith  each  p r e s e n t a t i o n  we a s s o c i a t e  a  s e t  o f  p o i n t s  
A(P) , c o n s i s t i n g  o f  f o u r  p o i n t s  f o r  each  appearance  of  
each  g e n e r a t o r  i n  S , t h a t  i s  A(P) c o n s i s t s  o f  lt |B| 
p o i n t s .  I f  th e  g e n e r a t o r  X has a j - t h  ap pearance ,  we name
f o u r  o f  th e  p o i n t s  o f  A(P) x2 j - i  * x2 j  * * 2 j - l  and ’
Suppose some member o f  the  r e l a t o r s ,  say r  , has in  
i t  t h e  i - t h  appea rance  o f  X and the  j - t h  appearance  of  
Y . Then i f  th e  ap p ea ran c e  o f  X i s  p h y s i c a l l y  n e x t  to  
and p r e c e d in g  th e  ap p ea rance  o f  Y , o r ,  i f  th e  appearance  
o f  X i s  t h e  l a s t  i n  r  w h i le  th e  appearance  o f  Y i s  
th e  f i r s t ,  th e n  we w i l l  say  X^ i s  fo l lo w ed  by Yj . I f  
th e  ap p e a ran c e s  have n e g a t i v e  exponents  th en  th e s e  w i l l  be 
in c lu d e d ,  and we cou ld  w r i t e  f o r  example X ^  i s  fo l low ed  
by Y”^ . We make th e  a d d i t i o n a l  agreement t h a t  i f  an 
ap p ea ran ce  o f  X i s  fo l lo w ed  by  an appearance  o f  X th e y  
b o th  have th e  same exponen t .  We can now d e f in e  a r e l a t i o n  
T on A(P) which  w i l l  depend on the  o r d e r i n g  chosen f o r  P .
D e f i n i t i o n  2 . 3 . L e t  P be a p r e s e n t a t i o n  w i th  an o r d e r i n g .  
L e t  T be a s u b s e t  o f  A(P) x A(P) d e f in e d  as  f o l lo w s :
I f  r  e R and th e  i - t h  appearance  o f  X i s  fo l lo w ed  by th e  
j - t h  ap p ea rance  o f  Y in  r  th en  two p a i r s  o f  A(P) x  A(P) 
a r e  s e l e c t e d  f o r  T a c c o rd in g  to  th e  f o l lo w in g  scheme:
T ab le  2 . k .
»
(1) i f  Xi  i s  fo l lo w ed  by Yj th en  (x2 i ' y2 j )  *
(x2 i - l ' y2 j - l )  6 T
(2) i f  X^ i s  fo l low ed  by YT1 th en  (x2 i , y 2 j - l )  *
(x2 i , y 2j )  € T
(3) i f  X"1 i s  fo l lo w ed  by Yj then  (x2 i , y 2 j - l ^  *
( x 2 i - r y 2 j )  e T
(4) i f  XT1 i s  fo l lo w ed  by Yj1 th en  (x2 i ' y2 j )  1
^x2 i - l , y 2 j - l ^  6 T '
!
We now d e f i n e  a r e l a t i o n  T on A(P) which does no t
*
depend on th e  o r d e r i n g .
D e f i n i t i o n  2 . 5 . For  each  X e S and f o r  each  
i  e ( 1 , 2 , 3 ,  • * - 5  |X |)  th e  p a i r s  (x2 ,x ^ )  , (x2 , x 3 ) , (x;), x r ) 
(x4 , x 5 ) , - . . , ( x 2 |X j , x 1 ) and (X2 | x | , x l^  a r e  in c lu d e d  -in T
r  ?
D e f i n i t i o n  2 . 6 . A member o f  T and a member o f  T a re
s a i d  t o  form a l i n k  i f  one o f  th e  e n t r i e s  o f  th e  p a i r  from
i





Two members, a  and b , o f  TuT a r e  s a i d  to  be 
f i n i t e l y  l i n k e d  i f  t h e r e  i s  a  s u b s e t  { a ^ , a g , • • • , a  )' o f
t
TUT such  t h a t  a-, = a , a„ = b and a ,  and a .  ,,  formI n  1  i+1
a  l i n k  f o r  each  i  = 1 ,2 ,3**  ***n - l  .
*
By way o f  an example, i f  ('x2 , x i s  i n  t ' and 
i s  i n  T , th e n  th e y  form a l i n k .  I f  (x2 ,x ^ )  
i s  i n  T and (y^*x2 ) i s  i n  T , th e n  t h e s e  two form 
a  l i n k  as  w e l l .
s
Lemma 2 . 7 * Each member o f  T forms a l i n k  w i th  e x a c t l y  
two members o f  T .
P ro o f .  I t  i s  c l e a r  from th e  d e f i n i t i o n s  o f  T and T 
t h a t  a  member o f  A(P) ap p ea rs  i n  e x a c t l y  one member of
r
T and e x a c t l y  one member o f  T . T h e re fo re  i f  ( a ,b )  i s
i
a  member o f  T we know t h a t  a a p p e a r s  i n  e x a c t l y  one 
p a i r  o f  T and t h i s  p a i r  forms a l i n k  w i t h  ( a ,b )  . S im i­
l a r l y  th e  p a i r  o f  T hav ing  b as an e n t r y  forms a  l i n k  
w i th  ( a ,b )  . F u r t h e r  th e s e  two p a i r s  i n  T must be d i s t i n c t  
owing to  th e  f a c t  t h a t  two ap p ea ran ces  o f  X , one f o l lo w in g  
th e  o t h e r ,  ca n n o t  have d i f f e r e n t  e x p o n e n t s . □
Lemma 2 . 8 . Each member o f  T forms a l i n k  w i t h  e x a c t l y  
two members o f  T ' .
P r o o f . I f  ( a , b )  i s  a member o f  T th e n  t h e r e  i s  a unique
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member o f  T which c o n t a i n s  a  and a un ique  member o f  
T which c o n t a i n s  b . Fo r  th e  same r e a s o n s  as  i n  the  
p ro o f  o f  Lemma 2.7* t h e s e  two p a i r s  from T a r e  n e c e s s a r i l y  
d i s t i n c t .  □
Lemma 2 . 9 » The r e l a t i o n  o f  f i n i t e l y  l i n k e d  i s  an e q u i -
i
v a le n c e  r e l a t i o n  on TUT
P r o o f . By Lemmas 2 .7  and 2 .8  each  member o f  TuT forms
i
a  l i n k  w i t h  a n o t h e r  member o f  TUT and t h e r e f o r e  i s  
f i n i t e l y  l i n k e d  to  i t s e l f  by  a c h a i r  c o n s i s t i n g  o f  t h r e e  
p a i r s .
The r e l a t i o n  i s  im m ed ia te ly  seen  to  be symmetric by
A
r e v i s i n g  th e  o r d e r  o f  th e  c h a in .  And t r a n s i t i v i t y  fo l lo w s  
by t a k i n g  th e  un ion  o f  two c h a in s ,  where th e  l a s t  member 
o f  one i s  i d e n t i c a l  t o  th e  f i r s t  o f  th e  o t h e r .  □
D e f i n i t i o n  2 . 1 0 . By a c y c le  o f  an o rd e re d  p r e s e n t a t i o n  we 
w i l l  mean an e q u iv a le n c e  c l a s s  o f  th e  r e l a t i o n  f i n i t e l y
l i n k e d  on TUT .
Theorem 2 . 1 1 . Suppose Z i s  a  c y c l e ,  th e n  t h e r e  i s  an
o r d e r i n g  on th e  members o f  Z , say  Z = { a ^ ,a 2 , • • * ,an )
s u c h * th a t  a^ and a ^ +1 form a l i n k  f o r  each  i = l , 2 , • • • , n-1
and a„ and a ,  form a l i n k ,n i
P r o o f . The s e t  A(P) i s  f i n i t e ,  and so ,  each  c y c le  o f
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I
TUT i s  f i n i t e .  L e t  e T be any e lem ent  o f  a c y c le  
Z . By Lemma 2 . 8 ,  a-  ̂ forms a l i n k  w i th  e x a c t l y  two p a i r s
i
i n  T . Choose one o f  t h e s e  p a i r s  f o r  a2 . Applying 
Lemma 2 .7  we have t h a t  a2 forms a  l i n k  w i t h  e x a c t l y  two 
p a i r s  i n  T . One o f  t h e s e  i s  a^ , and we name the  o t h e r
a^ . I t e r a t e d  a  f i n i t e  number o f  t im es  t h i s  p ro c e s s  ex h a u s ts
th e  members o f  Z . F u r t h e r  th e  l a s t  p a i r ,  an , must form
a  l i n k  w i t h  a^ . □
I n  any a p p l i c a t i o n s  o f  the  r e s u l t s  o f  th e  l a t t e r  chap­
t e r s ,  i t  w i l l  be n e c e s s a r y  t o  coun t  th e  c y c le s  o f  an o rd e red  
p r e s e n t a t i o n .  T h e re fo re  i t  w i l l  be advantageous t o  have a 
p r o c e s s  of  c o u n t in g ,  which can be programmed. One approach  
i s  t o  a d a p t  a t e c h n iq u e  u sed  in  Graph Theory t o  coun t  the  
components o f  a  g rap h .  This  te c h n iq u e  i s  based  on a m a t r ix
A
which we now d e f i n e .
L e t  W be a s i m p l i c i a l  complex w i th  n v e r t i c e s ,
vi , v 2 , - - - , v n • Le-fc D = (d i  j )  th e  n n m a t r ix
d e f i n e d  by  s e t t i n g  d.  ̂ = 1 i f  < v . , v . >  i s  a s implex in
J 1  J
W , o th e rw is e  s e t  d. . = 0 .
^ 9  J
Lemma 2 .1 2 .  I f  Dk = (b.  . )  , th e n  b.. i s  th e  number o f
— — —  J
p a t h s  i n  W w i th  i n i t i a l  p o i n t  n^ and t e r m i n a l  p o i n t  n^ 
which  c r o s s e s  k-1 , n o t  n e c e s s a r i l y  d i s t i n c t ,  v e r t i c e s .
P ro o f .  The argument i s  by in d u c t i o n  on k , and the  case
when k=l i s  j u s t  a r e p h r a s i n g  o f  th e  d e f i n i t i o n  o f  D .
Assume t h a t  t h e  theorem i s  t r u e  f o r  a l l  v a lu e s  o f  k < q .
L e t  j  , and j  be th e  e n t r i e s  i n  th e  i - t h  row
and th e  j - t h  column o f  D , and r e s p e c t i v e l y .
Then we have t  d t  j  . But Ci  t  i s  the
number o f  p a t h s  from v. to  v .  c r o s s i n g  q -1  v e r t i c e s .J
S ince  any must end i n  some sim plex  <v^,v^> , t h a t  i s  f o r  
some t  , and s in c e  we sum over  a l l  p o s s i b l e  v a lu e s  o f  t  , 
t h e  p r o o f  i s  com ple ted .  □
Lemma 2 . 1 3 . I f  and Vj a r e  v e r t i c e s  o f  a s i m p l i c i a l
complex W , th en  v^ and Vj b e lo n g  to  th e  same component 
o f  W i f  and o n ly  i f  th e  e n t r y  i n  th e  i - t h  row and j - t h
n - kcolumn o f  D n o n -z e ro .
P r o o f . The s t a t e m e n t  t h a t  v^ and v^ be long  t o  th e  same 
component o f  W i s  e q u i v a l e n t  t o  s a y in g  t h a t  t h e r e  i s  a 
p a t h  i n  W from v^ t o  v^ c r o s s i n g  n -2  o r  fewer v e r ­
t i c e s .  Th is  i n  t u r n  i s  e q u i v a l e n t  to  the  f a c t  t h a t  th e  i - t h
Ir
row and j - t h  column o f  some D , 0 < k < n -1  i s  n o n -z e ro .
Jr
Sin ce  a l l  e n t r i e s  o f  D a r e  p o s i t i v e ,  th e  p ro o f  i s  com ple te .
The number o f  p o s s i b l e  p a t h s  i s  o f  no consequence i n  
t h e s e  a p p l i c a t i o n s  and a c e r t a i n  e leg an ce  i s  a t t a i n e d  by 
s u p p r e s s i n g  t h i s  number.
D e f i n i t i o n  2 . 1 4 . L e t  W be a  s i m p l i c i a l  complex w i t h
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v e r t i c e s  v1 , v 2 , • * * * vn • L e t  D be th e  m a t r ix  d e f in e d  
above.  By th e  c o n n e c t i v i t y  m a t r i x  o f  ¥  we w i l l  mean a
e n t r y  w i t h  a 1 .
Theorem 2 . 1 5 . L e t  ¥  be a  s i m p l i c i a l  complex. The number 
o f  components o f  ¥  e q u a l s  t h e  r a n k  o f  th e  c o n n e c t i v i t y  
m a t r i x .
o f  ¥  th e  i - t h  row and th e  j - t h  row w i l l  have th e  same 
e n t r i e s .  F u r t h e r  i f  th e  i - t h  and j - t h  rows each  have a 
1 f o r  t h e i r  k - t h  e n t r y  th e n  th e y  a r e  i d e n t i c a l .  T h e re fo re  
n o t  o n ly  a l l  th e  rows a s s o c i a t e d  w i th  v e r t i c e s  o f  the  same 
component i d e n t i c a l ,  b u t  by  ch o o s in g  a  row from each  component 
a s e t  o f  in dependen t  rows i s  o b t a i n e d .  I t  f o l lo w s  t h a t  
the  r a n k  o f  th e  m a t r ix  i s  th e  s i z e  o f  t h i s  s e t .  □
D e f i n i t i o n  2 . 1 6 . ¥e a s s o c i a t e  w i th  th e  o rd e re d  p r e s e n t a ­
t i o n  P th e  1 -d im e n s io n a l  a b s t r a c t  s i m p l i c i a l  complex,
i
c a l l e d  th e  c y c le  complex, hav in g  each  member o f  TijT as 
v e r t i c e s  and c o n t a i n i n g  a  1 - s im p le x  <a-,b> i f  and o n ly  i f  
a and b form a  l i n k .
m a t r i x  o b ta in e d  from 1 T.k by r e p l a c i n g  each  n o n -z e ro
P ro o f .  I f  v. and v .  a r e  v e r t i c e s  i n  th e  same component— X J
Theorem 2 . 1 7 . L e t  ¥  be th e  c y c le  complex o f  an o rd e re d  
p r e s e n t a t i o n  P . Then th e  number o f  c y c l e s  o f  P eq u a ls  
th e  row r a n k  o f  the  c o n n e c t i v i t y  m a t r i x  o f  ¥  .
27
P r o o f . The theorem fo l lo w s  im m ed ia te ly  from th e  f a c t  t h a t  
t h e r e  i s  a  o n e - to - o n e  co r re sp o n d en ce  between th e  c y c le s  o f  
P and th e  components o f  W . □
The f i n a l  co n cep t  t o  be in t r o d u c e d  in  t h i s  c h a p t e r  i s  
t h a t  o f  components o f  a  p r e s e n t a t i o n .
D e f i n i t i o n  2 . 1 8 . L e t  P be a  p r e s e n t a t i o n .  L e t  Y(P) be 
th e  a b s t r a c t  s i m p l i c i a l  complex, c a l l e d  th e  component complex
o f  P , c o n t a i n i n g  two v e r t i c e s  x and x f o r  each  g e n e r a t o r
X o f  P . The 1 - s im p le x e s  o f  Y(P) a r e  c h a r a c t e r i z e d  by 
th e  f o l l o w in g :
T ab le  2 . 1 9 »
(1) I f  X. i s  fo l lo w ed  by Y. th en  <x,y> e y (P) •1 J
(2) I f  X. i s  fo l lo w ed  by Y71 th e n  <x,y> e y (P) .X J
(3) I f  X?1 i s  fo l lo w e d  by  Ŷ  th e n  <x,y> e y (P) .
■(4) I f  XT1 i s  fo l lo w e d  by Y^1 th e n  <x, y> e y (P) .
The component complex y(P) i s  indep en d en t  o f  the
o r d e r i n g  on P . The number o f  components o f  y(P) w i l l
be o f  i n t e r e s t  and i s  deno ted  by |Y (P ) |  •
Theorem 2 . 2 0 . The r a n k  o f  th e  c o n n e c t i v i t y  m a t r ix  o f  y(P)
e q u a l s  | y (P)I  •
P r o o f . T h is  f a c t  f o l lo w s  im m ed ia te ly  from Theorem 2 .1 5 .
T h is  a l lo w s  th e  number J y ( P) |  t o  be fou n d  by a
a s im p le  program f o r  any a p p l i c a t i o n .
CHAPTER I I I
In t h i s  c h a p t e r  we in t r o d u c e  th e  id e a  o f  t h e  v e r t e x  
m a n i fo ld ,  V , o f  an o rd e r e d  p r e s e n t a t i o n .  The complex 
V i s  th e n  shown t o  he an. o r i e n t a b l e  2 -m a n i fo ld .  We then  
show how t o  compute t h e  E u le r  c h a r a c t e r i s t i c  o f  V 
d i r e c t l y  from an o rd e r e d  p r e s e n t a t i o n .  In t h i s  c o n s t r u c ­
t i o n  we r e l y  h e a v i l y  on th e  n o t a t i o n ,  maps and te c h n iq u e s  
o f  t h e  c o n s t r u c t i o n  o f  K(P) in  Chapter  I .
We begin  w i th  a group G which has a f i n i t e  p r e s e n ­
t a t i o n  P = (cp, S,R) . For  each r e l a t o r  r  e R , l e t  Er  
be a copy o f  t h e  u n i t  b a l l  in  t h r e e  spaces  w i th  c e n t e r  a t  
t h e  o r i g i n .  By assuming t h a t  t h e  p l a n a r  d i s c  Dr  , used  
in  t h e  c o n s t r u c t i o n  o f  K(P) , l i e s  in  th e  p la n e  Z = 0 , 
we have Dr  r e g u l a r l y  embedded in  Er  , and we can use 
th e  a t t a c h i n g  map Ar  t o  a t t a c h  Er  t o  t h e  bouquet  o f  
lo o p s  B . R e c a l l i n g  t h a t  Bd(Dr ) was o r i e n t e d  and i s  an 
e q u a t o r i a l  s im ple  c lo s e d  curve  on th e  Bd(Er ) , we name th e  




by Dr  Dr  , t h e  fo rm er  r e s e r v e d  f o r  t h e  component
on t h e  r i g h t  when p ro c e e d in g  in  a p o s i t i v e  d i r e c t i o n  around 
Bd(Dr ) .
D e f i n i t i o n  3 « 1 « The CW-Complex a s s o c i a t e d  w i th  P , de­
n o te d  by. J ( P )  i s  t h e  complex w i th  B as  a 1 - s k e l e t o n  and 
c e l l s  fEr j r  e R) a t t a c h e d  t o  B by th e  a t t a c h i n g  maps Ar  .
I t  shou ld  be n o te d  t h a t  n o t  o n ly  i s  K(P) embedded in
J ( P )  , b u t  J ( P )  has  K(P) as  a s t r o n g  d e fo rm a t io n  r e ­
t r a c t .  We t h e r e f o r e  have th e  f o l lo w in g  lemma.
Lemma 3 « 2 . 7r(J(p))  i s  i som orph ic  t o  G .
P r o o f . tt( J ( P ) )  i s  isom orph ic  t o  7r(K(P)) s i n c e  K(P) i s  
a d e fo rm a t io n  r e t r a c t  o f  J ( P )  , tt(K(P))  i s  isom orph ic  to  
G by Theorem 1 . 8 .
We a r e  i n t e r e s t e d  in  when J ( P )  can be embedded in  
a 3 -m a n i fo ld ,  and t h i s  q u e s t io n  l e a d s  us t o  c o n s id e r  th e  
boundary of  a r e g u l a r  ne ighborhood  of  th e  v e r t e x  v o f  
J ( P )  . Let  U = R ( v , J ( P ) , 2 )  . By th e  boundary  o f  U we
w i l l  mean th e  union o f  t h e  2 - c e l l s  in  U which m iss  v . We
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deno te  t h i s  s e t  by Bd(U) . The i n t e r s e c t i o n  o f  Bd(U) and 
t h e  bouquet  o f  lo o p s  B c o n s i s t s  o f  2 |S |  p o i n t s ,  t h a t  i s  
two f o r  each X e S . The f i r s t  o f  t h e s e  p o i n t s  e n co u n te red  
w h i le  p ro c e e d in g  from v in  a p o s i t i v e  d i r e c t i o n  around
3 0
C w i l l  be deno ted  by x w h i le  t h e  second w i l l  be c a l l e d
•A
x . Le t  = R (x ,B d(U ) ,4 )  and W = R (x ,B d(U ) ,x )  .
x
Two appea ran c es  in  a p r e s e n t a t i o n  a r e  s a id  t o  form an 
a d j a c e n t  p a i r  i f  t h e  f i r s t  member o f  t h e  p a i r  i s  fo l lo w ed
by th e  second member o f  t h e  p a i r  in  some r e l a t o r  r  . Here
ag a in  i t  i s  u n d e r s to o d  t h a t  t h e  l a s t  member of  a r e l a t o r  i s  
fo l lo w e d  by t h e  f i r s t .  For  example ,  i f  X-^Y^X^1 i s  a r e l a ­
t o r  th en  i t  y i e l d s  t h r e e  a d j a c e n t  p a i r s ;  (X-^Yg) , (Y2,X2^) 
and (X^^X ^) . The Bd(U) can be re g a rd e d  as  a c o l l e c t i o n  
o f  2 - c e l l s  each r e g u l a r l y  embedded in  some Er  . There i s  
one such 2 - c e l l  f o r  each  a d j a c e n t  p a i r .  I f  (X^jYg) i s  an 
a d j a c e n t  p a i r ,  we name t h e  a s s o c i a t e d  2 - c e l l  D(X-^,Y2 ) •
At f i r s t  g la n c e  t h e  n a t u r a l  a s s o c i a t i o n  between an a d j a c e n t  
p a i r  and a d i s c  may n o t  be c l e a r  b u t  i t  i s  an i n t r i n s i c  p a r t  
o f  t h e  c o n s t r u c t i o n .  The d i s c  D(x^ ,Y 2 ) i n t e r s e c t s  th e  
bouquet  in  two p o i n t s ,  one in  and one in  C y W h i c h
o f  t h e  p o i n t s  x ,  x ,  y o r  y be lo n g  t o  D(X1 ,Y2 ) i s  de­
te rm in ed  by th e  exponen ts  o f  t h e  two a p p e a r a n c e s .  In t h i s  
ca se  D(X-l,Y2 ) PI B = (x ,y )  . . I f  t h e  appearance  o f  X had 
a n e g a t i v e  exponent  th e n  3c would be in  t h e  i n t e r s e c t i o n .
I f  t h e  second ap p e a ran ce  o f  t h e  p a i r ,  Y , had an exponent
o f  -1  then  y would be r e p l a c e d  by y .
For  each X € S , W„ and W each c o n s i s t s  o f  aA .
X
c o l l e c t i o n  of  2 - c e l l s .  The 2 - c e l l s  fo rm ing  W a l l  have t h eA
p o i n t  x as  t h e i r  s i n g l e  common p o i n t ,  and t h e  2 - c e l l s  o f
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W__ a l l  c o n t a in  x . Fo r  any two a p p ea ran ces  s and t  , 
x
t h e  2 - c e l l  D ( s , t )  i n t e r s e c t s  UfW„ U W_|X e S) in  two
x
2 - c e l l s  depending  upon s and t  . For  example,
D(X1 ,Y2 ) fl Wx and D(X1 ,Y2 ) fl W_ a r e  b o th  2 - c e l l s .
F u r t h e r ,  Bd(D(X^,Y2 )) D Wx i s  a 1 - c e l l  w i th  x in  th e  
i n t e r i o r ,  and Bd(D(X1 ,Y2 ))  H W__ i s  a 1 - c e l l  w i th  y in
y
i t s  i n t e r i o r .  The naming o f  t h e  e n d p o in t s  o f  t h e s e  two 1 - c e l l s  
i s  c r u c i a l  t o  t h e  c o n s t r u c t i o n  o f  t h e  v e r t e x  m a n i fo ld .  The 
naming scheme i s  b ased  on th e  r e l a t i o n  J  o f  C h a p t e r ' l l  , 
and i s  p r e s e n t e d  in  t h e  f o l lo w in g  t a b l e :
Tab le  3 « 3 »
( ! )  D(Xi ' Yj )  x 2 i - l  x 2 i  y 2 j  y 2 j - l
( 2 )  D.(Xi , Y j 1 ) x 21_1 x 2 i  y 2j _ i  y 2J
(3) D f X ^ Y j )  x2 i _1 x 2 i  y2j _ i  Y2j
(4) D(Xi 1 ,YJ.1 ) x 2 i _1 x 2 i  y 2J y2 j _ i
L ine (1) means t h a t  in  naming th e  p o i n t s  on th e  boundary of  
D(Xi ,Y j )  , a r b i t r a r i l y  a s s ig n  x 2 i  and * 2 1 -1  t o  th e  end­
p o i n t s  o f  t h e  1 - c e l l  W fl Bd(D(X. , Y . ) )  and th en  p ro cee d in g
X 1  J
around th e  boundary  o f  D(X^,Y.) b e g in n in g  a t  x 2 i _]^
p a s s i n g  th ro u g h  f i r s t  x th e n  x 2^ th e  f i r s t  en d p o in t  o f
W fl Bd(D (X j,Y .) )  I s named y p .. and th e  second i s  c a l l e d  
y 3 3
y 2 j - l  *


















n e x t  s t e p  in  t h e  c o n s t r u c t i o n  o f  t h e  v e r t e x  m a n i fo ld  can 
he t a k e n . For  each  g e n e r a t o r  X and each 
j  e { 1 ,2 ,3 ,*  * *, |X13 a t t a c h  a d i s c  D ( x , j )  t o  ¥x such
t h a t  D ( x , j )  n ¥ v i s  a  1 - c e l l  in  t h e  boundary o f  D ( x , j )
A
and i s  t h e  un ion  o f  two 1 - c e l l s  in  t h e  boundary o f  ¥  ,X
one hav in g  e n d p o in t s  x 2 j _ i  and x * and second w i th
j . S i m i l a r l y  f o r  each
j  e { 1 , 2 , 3 , • • * , | X | ) a t t a c h  a d i s c  D ( x , j )  t o  ¥_  a lo n g
x
a 1 - c e l l  in  t h e  boundary  o f  D ( x , j )  which i s  t h e  union  o f  two 
1 - c e l l s  in  t h e  boundary  o f  ¥__ one w i th  e n d p o in t s  x 2 j - l
X
and x and th e  o t h e r  hav in g  e n d p o in t s  x and Xĝ . mod( 2 |X | )  
Le t  ¥  = ¥  U [ U { D ( x , j ) | j  e { 1 , 2 , 3 , • • • , | X | )]  and l e t
A X
= W_ u. [U{D(x,«J)-| j  € 1 , 2 , 3 ,  jXj )] . 
x x
Lemma 3 «^« ¥ x and ¥__ a r e  2 - c e l l s .
P ro o f .  Each 2 - c e l l  D ( x , j )  i s  a t t a c h e d  t o  ¥ v in  a one
t o  one f a s h i o n ,  and t h e  o n ly  p o i n t  o f  ¥  which l i e s  in
A
more th a n  one o f  t h e  c e l l s  o f  D ( x , j )  i s  t h e  p o i n t  x .
I t  f o l lo w s  t h a t  ¥  \{ x }  i s  a c o l l e c t i o n  o f  p u n c tu re d  d i s c s .
A
But f o r  each i  e { 0 , 1 , 2 , • • * ,2 jX j - 2 )  , x^ and a r e
in  t h e  same component o f  ¥ \{x}  , s i n c e  i f  i  i s  even th e y
A
l i e  in  t h e  same d i s c  D ( x , i / 2 )  , and i f  i  i s  odd th e y  
l i e  i n  th e  same component o f  ¥  \ { x )  . T h e re fo re  ¥  \{x}X X
c o n s i s t s  o f  a s i n g l e  component,  t h a t  i s  ¥  \ f x )  i s  a s i n g l e
X
en d p o in t s  x and x 2J mod(2 jx |
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p u n c tu r e d  d i s c .  T h is  shows t h a t  ¥  i s  a d i s c .  AX
s i m i l a r  argument h o ld s  f o r  ¥__ which com pletes  th e  p r o o f .  □
x
Let  V* = Bd(U) U { i v  U ¥  IX € S] .x
i
Lemma 3«5« V i s  a 2 -m a n i fo ld  w i th  boundary.
P r o o f . The c l o s u r e  o f  Bd(U)\{¥ U ¥  |X e S) i s  a c o l l e c -
x
t i o n  o f  d i s j o i n t  2 - c e l l s .  Each o f  t h e s e  2 - c e l l s  can he
w r i t t e n  a s  t h e  c l o s u r e  o f  D ( s , t ) \ [ ¥  u ¥__|X e S) f o r  some
x x
a d j a c e n t  p a i r  o f  a p p e a ran c es  ( s , t )  . ¥e deno te  t h i s  2 - c e l l
i i
hy D ( s , t )  . Then V can be w r i t t e n  as  t h e  union  o f
c e l l s  o f  t h r e e  t y p e s :  ¥  , ¥  and D * ( s , t )  . F u r th e r  i f
x
any two o f  t h e s e  c e l l s  i n t e r s e c t  th e y  do so on a 1 - c e l l  con-
i
t a i n e d  in  t h e i r  boundary .  I t  f o l lo w s  t h a t  V i s  a 2-mani­
f o l d  w i th  b o u n d a ry .  □
Since V i s  a 2 -m an ifo ld  w i th  boundary, Bd(V ) i s
a c o l l e c t i o n  o f  s im ple  c lo s e d  c u r v e s .  F u r t h e r
Q = fy |y = x . o r  y = x . , x e S and j  e f 0 , l , 2 ,  • • ‘ ,21x1-13 
J J
i s  c o n ta in e d  in  Bd(V ) ,' and Bd(V )\Q i s  a 
c o l l e c t i o n  o f  open a r c s .
The c l o s u r e  o f  each  o f  t h e s e  a r c s  i s  a 1 - c e l l  and w i l l  be 
r e f e r r e d  t o  as  < s , t >  where s and t  a r e  th e  e n d p o i n t s .  
For  each  X e S and j  e { 1 , 2 , 3 , * * * , | X j ) *
<x2 j - l , x 2 j  mod( 2 |X | ) > and <̂x2 j - l , x 2 j  m o d (2 |X |)> a re
I .
1 - c e l l s  in  Bd(V ) . In  f a c t  t h e r e  i s  a  n a t u r a l  o n e - to -o n e  
co r resp o n d en ce  between th e  p a i r s  o f  L , d e f in e d  in  Chap ter  
I I  , and t h e s e  1 - c e l l s .
The o t h e r  h a l f  o f  t h e  s e t  o f  1 - c e l l s  com pris ing  Bd(v')
i .
l i e  in  t h e  boundary  o f  t h e  c e l l s  o f  t h e  form D ( s , t )  .
T ab le  3*3 r e c o r d s  t h e  naming scheme f o r  t h e  p o i n t s  on th e  
boundary  o f  D ( s , t )  and t h e r e f o r e  on t h e  boundary  o f
D * ( s , t )  . The 1 - c e l l s  from B d (v ' ) l y i n g  in  d ' ( s , t )  can
be r e a d  from T able  3*3. I f  l i n e  (1) i s  used  f o r  D ( s , t )  ,
th e n  and <̂ 2 j - l , x 2 j - l ' > a r e  1 _ e e l l s  in  Bd(v  ) •
The im p o r ta n t  id e a  i s  t h a t  t h e r e  i s  a n a t u r a l  o n e - to -o n e
co r re sp o n d en ce  between th e  p a i r s  in  th e  r e l a t i o n  J  o f
C h ap te r  I I  and th e  1 - c e l l s  o f  Bd(V*) which l i e  in  c e l l s
o f  t h e  form D * ( s , t )  .
Lemma 3 » 6 . For  each c y c le  o f  an ordered ,  p r e s e n t a t i o n  t h e r e  
i s  a s im ple  c l o s e d  curve  in  B d (v ' ) such t h a t ,  ( s , t )  i s
a member o f  t h e  c y c le  i f  and on ly  i f  < s , t >  i s  c o n ta in e d
in  t h e  s im ple  c l o s e d  c u rv e .
P r o o f . Choose a c y c le  from t h e  o rd e red  p r e s e n t a t i o n .  For  
each p a i r  ( s , t )  i n  t h e  c y c le  t h e r e  i s  a 1 - c e l l  < s , t >  
which i s  t h e  c l o s u r e  o f  one o f  t h e  components o f
B d ( v ' ) \ Q  .
F u r t h e r ,  i f  two members, ( s , t )  and ( s ' j t ' )  o f  a cy c le
form a l i n k  th e n  t h e  c o r r e s p o n d in g  two 1 - c e l l s  < s , t >  and
i i
<s , t  > have a  common e n d p o i n t .  The conve rse  o f  t h i s  
s t a t e m e n t  i s  a l s o  t r u e ,  and th u s  s u f f i c i e n t  t o  p rove  th e  
lemma. □
r
Theorem 3 « 7 « The m a n i fo ld  V i s  o r i e n t a b l e .
P r o o f . We have p r e v i o u s l y  r e p r e s e n t e d  v '  as  t h e  union  o f
c e l l s  o f  t h r e e  t y p e s :  ¥ ,  W . and D* ( s , t )  . The p o i n t s
x x
Xi , x2 , a l l  l i e  in  th e  o r d e r  o f  t h e i r  sub­
s c r i p t s  a round  Bd(¥ ) , and th e  o rd e r  w i l l  be used  to
A
o r i e n t  Bd(¥ ) . The p o s i t i v e  d i r e c t i o n  around t h e  boundary
A
w i l l  be in  a s c e n d in g  o r d e r  o f  s u b s c r i p t s .  S i m i l a r l y  Bd(W )
_ _ _ _ _  x
c o n t a i n s  t h e  p o i n t s  x ^ , x 2 , • • • , x ^ | X j in  o r d e r ,  and th e
p o s i t i v e  d i r e c t i o n  w i l l  be ta k en  in  t h e  o r d e r  o f  descend ing
s u b s c r i p t s .
Each d i s c  o f  ty p e  d ' ( s , t )  i s  c o n t ig u o u s  t o  two d i s c  
o f  t h e  r em a in in g  t y p e s ,  and each o f  t h e s e  w i l l  induce  an
i
o r i e n t a t i o n  on t h e  boundary  o f  D ( s , t )  . We must show t h a t  
t h e s e  two o r i e n t a t i o n s  a g r e e .  Each o f  t h e  f o u r  ca se s  t h a t  
a r e  l i s t e d  in  T ab le  3*3 must be c o n s id e r e d .  R efe rence  t o  
F ig u re  1 w i l l  be h e l p f u l  f o r  t h e  rem a inder  o f  t h e  p r o o f .
The f o u r  p o i n t s  * 2 1-1*  * 2 1 ’ J and ^ 2 j - l  l i e
t h i s  o r d e r  on th e  boundary  D ( X. , Y. )  and t h e r e f o r e  can beX J
u sed  t o  d e s c r i b e  d i r e c t i o n .  S ince  x 2^ p re c e d e s  x 2 ± - l  
t h e  p o s i t i v e  d i r e c t i o n  on Bd(Wx ) ,  *21.-1  P recede  x 2^
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i n  t h e  p o s i t i v e  d i r e c t i o n  around th e  boundary  o f  D (X^Y^) , 
and t h e r e f o r e  on t h i s  boundary y g . p re c e d e s  Y g j - l  *
Th is  d i c t a t e s  t h a t  in  a p o s i t i v e  d i r e c t i o n  abou t  Bd(¥_) ,
_  _  y  '
y 2 j  1 Pre c e d e s  Ygj which a g re e s  w i th  th e  o r i e n t a t i o n
e s t a b l i s h e d  on Bd(¥^) p r e v i o u s l y .
The o t h e r  t h r e e  c a s e s  l i s t e d  in  Table  3*3 w i l l  be con­
s i d e r e d  b r i e f l y .  The o r i e n t a t i o n  on Bd(Wv ) imposes t h e
A
I n .
p o s i t i v e  d i r e c t i o n  t o  t h e  boundary  o f  D (X. ,Y.  ) in  th e
X J
o f  t h e  p o i n t s  x 2i* y 2 j - l  and y2j  * T h is  ag ree s
w i th  t h e  o r i e n t a t i o n  which i s  imposed by th e  o r i e n t a t i o n  on 
Bd(¥ ) . The boundary  o f  D ^ X I ^ Y . )  i n t e r s e c t s  th e  twoy i  <.)
c e l l s  ¥ _  and ¥ _  . Now Bd(W_) i s  p o s i t i v e  from x 2i - l  
_  x y x
t o  x 2± , im p a r t in g  a n e g a t i v e  sense  t o  t h e  d i r e c t i o n  t h r u
x 2 i - l '  *21* y2 ] - l  and y 2 j  * T h is  ir) t u r n  SayS t h a t
t h e  d i r e c t i o n  from Y g j - i  t h r u  on Bd(^y)  i s  Po s i t i v e .
On t h e  boundary  o f  D* (XT^Y^1 ) c o n s id e r  t h e  d i r e c t i o n
X J
x 2 i - l *  x 2i* y 2j* y2 j - l  .• Both t h e  o r i e n t a t i o n  on Bd(W_)
and t h e  o r i e n t a t i o n  on Bd(Wy ) induce  a n e g a t iv e  sense  t o
t h i s  d i r e c t i o n .  This  shows t h a t  t h e  o r i e n t a t i o n  p la c e d  on
¥  and ¥  f o r  t h e  v a r i o u s  g e n e r a t o r s  X in  S can be 
x x
ex ten d ed  t o  a l l  o f  V , which com ple tes  t h e  p r o o f .  □
B efore  d e f i n i n g  t h e  v e r t e x  m an ifo ld  th e  number o f  com­
p o n e n ts  o f  V must be c o n s id e r e d .  Note t h a t  th e  graph Y(P) .
i n t r o d u c e d  by D e f i n i t i o n  2 .1 2 ,  can be embedded in  V so t h a t  
f o r  each X e S , t h e  v e r t i c e s  x and x o f  t h e  graph a r e
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i d e n t i c a l  t o  t h e  v e r t i c e s  x and x o f  V , and i f  
<a,b>  i s  a 1 - s im p le x  in  t h e  g raph ,  th en  <a,b> i s  reg u ­
l a r l y  embedded in  D(a , b)  . I t  f o l lo w s  t h a t  V* c o n t a in s
Y(P) as  a s t r o n g  d e fo rm a t io n  r e t r a c t  and t h e  number of
«
components o f  V i s  t h e  same as  t h e  number o f ' components 
o f  Y(P) , t h a t  i s  |Y(P) |  •
The v e r t e x  m a n i fo ld  can now be c o n s t r u c t e d .  Each com­
ponen t  has  a boundary  c o n s i s t i n g  o f  one o r  more s im ple  c lo s e d  
c u r v e s .  Choose one s im ple  c lo s e d  curve  C^, i = l , 2 , 3 , • • • , | y ( P ) j , 
from t h e  boundary  o f  each component.  Let  Q, be a 2 - sp h e re  
from which th e  i n t e r i o r s  o f  | Y(P) |  d i s j o i n t  2 - c e l l s  ,
i = l , 2 , 3 , • • • , | y ( P ) |  t have been removed. Choose an o r i e n -
i
t a t i o n  f o r  V and an o r i e n t a t i o n  f o r  Q . A new complex
i
i s  o b t a in e d  from th e  d i s j o i n t  union  o f  Q and V by id e n ­
t i f y i n g  C  ̂ homeomorphical ly  t o  t h e  Bd(Di ) in  a manner so 
t h a t  t h e  p o s i t i v e  d i r e c t i o n  abou t  C  ̂ a g re e s  w i th  t h e  p o s i ­
t i v e  d i r e c t i o n  abou t  Bd(D^) . I f  B d ( v ' ) c o n t a i n s  more 
s im ple  c l o s e d  cu rves  th an  Q as  boundary  components, then  
a t t a c h  a 2 - c e l l  t o  each  o f  th o s e  rem ain ing  homeomorphical ly  
a lo n g  t h e  boundary  o f  t h e  2 - c e l l .  The r e s u l t i n g  complex i s  
c a l l e d  V , t h e  v e r t e x  m a n i fo ld .
Theorem 3 » 8 . The v e r t e x  m a n ifo ld  V i s  a co n n e c ted ,  c lo s e d  
o r i e n t a b l e  2 -m a n i fo ld .
P r o o f .  The v e r t e x  m an ifo ld  V was c o n s t r u c t e d  from bhe
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d i s j o i n t  un ion  o f  s e v e r a l  2 -m an i fo ld s  w i th  boundary V* ,
Q and t h e  c o l l e c t i o n  o f  2 - c e l l s .  The i n t e r s e c t i o n  o f  any 
two o f  t h e s e  2 -m an i fo ld s  -is empty o r  t h e  union  o f  d i s j o i n t  
s im ple  c l o s e d  c u rv e s  l y i n g  in  t h e  boundary o f  e a ch .  F u r t h e r  
i f  p i s  any p o i n t  l y i n g  on one o f  t h e s e  s im ple  c lo s e d  
c u r v e s ,  t h e n  p b e lo n g s  t o  e x a c t l y  two of  t h e  m a n i fo ld s .  
T h e re fo re  p has  a ne ighborhood  whose c l o s u r e  can be w r i t t e n  
a s  t h e  un ion  o f  two c l o s e d  d i s c s  i n t e r s e c t i n g  on a 1 - c e l l  
and i s  t h e r e f o r e  a c l o s e d  d i s c  c o n t a i n i n g  p in  t h e  i n t e r i o r .
I t  f o l lo w s  t h a t  V i s  a  2 - m a n i fo ld .
C l e a r l y  V i s  c l o s e d  s i n c e  i f  any boundary component
i
o f  V remained a f t e r  t h e  i d e n t i f i c a t i o n  o f  V and Q , 
a  2 - c e l l  was a t t a c h e d  t o  i t .  S ince  t h e  p o s i t i v e  d i r e c t i o n  
o f  and o f  Bd(D^) b o th  a g re e d  under  th e  i d e n t i f i c a t i o n ,
i t  f o l lo w s  t h a t  V i s  o r i e n t a b l e . To see  t h a t  V i s  con­
n e c t e d  we n o te  t h a t  Q i s  connec ted  and t h a t  each component 
o f  V i s  a t t a c h e d  t o  Q . T h is  com ple tes  t h e  p ro o f .  □
To d e te rm in e  t h e  i d e n t i t y  o f  V we compute x ( v ) > 
t h e  E u l e r  c h a r a c t e r i s t i c  o f  V .
Theorem 3 . 9 . Let  |R | be t h e  number o f  appe a ran ces  in  R 
o f  a l l  t h e  g e n e r a t o r s ,  R t h e  number o f  c y c l e s ,  |S |  th e  
number o f  g e n e r a t o r s  and |Y (p ) |  t h e  number o f  components 
o f  V . Then x(V) i s  g iven  by
4o
X (v )  = R + 2 | s |  + 2 -  2 | y ( P ) |  -  |R | .
P r o o f . F i r s t  we must choose a c e l l  decom posi t ion  f o r  V .
N o t ic e  t h a t  Bd(U) i s  embedded in  V as  a s t r o n g  deforma­
t i o n  r e t r a c t  o f  V* and V\Bd(U) i s  t o p o l o g i c a l l y  e q u i ­
v a l e n t  t o  V\v '  . Now Bd(U) c o n s i s t s  of  2 j s j  v e r t i c e s ,
2 jRj 1 - c e l l s  and |Rj 2 - c e l l s .  And V\Bd(U) c o n s i s t s  o f  
a  sp h e re  w i th  |Y ( P ) ( h o l e s ,  t o  which must be added | y ( P ) j - l
1 - c e l l s  t o  p roduce  a c e l l  d ecom pos i t ion ,  and th e  ri -  |V(P ) \  
c e l l s  which a r e  t h e  c o u n t e r p a r t s  o f  t h e  c e l l s  added to  
components o f  B d (v ' )  rem ain ing  a f t e r  t h e  i d e n t i f i c a t i o n  o f
V and Q . T h is  i s  a c e l l  s t r u c t u r e  o f  V w ith
Jr | + 1 + r\ -  |Y (P) | 2 - c e l l s ,  2 jR |  + |Y ( P ) | - 1  1 - c e l l s  and 
2 1S | v e r t i c e s .  T h e re fo re  X.(V) = r\ + 2 1S | + 2 -  2 J Y ( p ) J - | r J  . □
The c o n s t r u c t i o n  o f  V in c lu d e s  a number of  o p t io n s  
which ca u ses  s p e c u l a t i o n  co n ce rn in g  t h e  un iq u e n ess  o f  V .
The fo l lo w in g  theorem shows th a t  the op tion s  do not e f f e c t  
th e  n e t  p ro d u ct .
Theorem 3 . 1 0 . The v e r t e x  m a n ifo ld  V of  an o rd e re d  p r e s e n ­
t a t i o n  P i s  u n iq u e ly  de te rm ined  by P up t o  a homeomorphism.
P ro o f .  S ince  V i s  a c l o s e d ,  o r i e n t a b l e  2 -m an i fo ld ,  then
V i s  c h a r a c t e r i z e d  by i t s  E u le r  c h a r a c t e r i s t i c .  F u r t h e r  th e  
X(V) i s  computable from th e  p r e s e n t a t i o n .  T h is  com pletes  
t h e  p r o o f . □
CHAPTER IV
In t h i s  c h a p t e r  t h e  complex J (P )  i s  embedded in  a 
t h r e e - d i m e n s i o n a l  CW-Complex M such t h a t  tt(m) i s  p r e ­
s e n te d  by P . I t  i s  shown t h a t  M c o n t a in s  a t  most one 
n o n -m an ifo ld  p o i n t ,  and n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  
a r e  found on P f o r  M t o  be a 3 - n ia n i f o ld .
The r e g u l a r  ne ighborhood  U o f  t h e  v e r t e x  v in  J (P )  
can be e x p re s s e d  as  c (B d(U ) ,v )  , t h e  cone over  Bd(U) w i th  
c o n e -p o i n t  v . Le t  i :Bd(U) -* V be t h e  i n c l u s i o n  map.
Then i  can be ex ten d ed  t o  i : c ( B d ( U ) ,v )  -» c (V ,v )  . Let  
M* = J ( P )  ^ c(V ,v)  , where s e J ( P )  i s  i d e n t i f i e d  t o  
i ( s )  e c (V ,v )  .
Le t  C = c l (C  \U) , t h a t  i s  C i s  a 1 - c e l l  c o n ta in e d
A  X  A
in  t h e  g e n e r a t i n g  loop  C w i th  en d p o in t s  in  V and i n t e r i o r
A
m is s in g  U .
Lemma 4 . 1 .  Each p o i n t  in  M ' \ ( f v )  U p?„|X e S ))  i s  con- 
t a i n e d  in  a ne ighborhood  whose c l o s u r e  i s  homeomorphic t o  
a 3 - b a l l .
P r o o f . Three  t y p e s  o f  p o i n t s  must he examined. Any p o i n t  
in  c (V ,v ) \V  U {v} i s  a m a n i fo ld  p o i n t  s i n c e  c (V ,v ) \V  U (v) 
i s  t o p o l o g i c a l l y  e q u i v a l e n t  t o  V x (0 ,1 )  . The second ty p e  
i s  a p o i n t  p such t h a t  p e m' \ { v } u fTTx |X e S) and such
t h a t  p /  c (V ,v )  . Then p l i e s  in  some Er  , e i t h e r  in
t h e  i n t e r i o r  o r  on th e  boundary .  I f  p i s  on th e  boundary
o f  Er  t h e r e  i s  a  ne ighborhood  about p which m is se s  th e  
e q u a t o r  and V , and t h e r e f o r e  p i s  a m a n i fo ld  p o i n t .  In 
o t h e r  i n s t a n c e ,  w i th  p in  t h e  i n t e r i o r ,  p i s  c l e a r l y  a 
m a n i fo ld  p o i n t .
The t h i r d  ty p e  p o i n t  i s  one which l i e s  in  V , say q .
I f  t h e r e  i s  a ne ighborhood  o f  q which l i e s  e n t i r e l y  in  c (V ,v  
th e n  t h e r e  i s  a ne ighborhood  o f  q whose c l o s u r e  i s  a 3 - b a l l .  
Suppose each  ne ighborhood  o f  q i n t e r s e c t s  Er  . Then q i s  
n o t  a member o f  B , and we can choose a ne ighborhood  of  q , 
say  0 , such t h a t  c l ( 0 \ c ( V , v ) )  i s  a 3 - b a l l ,  0fic(V,v) i s
a 3 - b a l l  and t h e  i n t e r s e c t i o n  o f  t h e s e  two i s  a 2 - c e l l  in  V .
T h e r e f o re  c l ( 0 )  i s  a b a l l ,  which com ple tes  th e  p r o o f .  □
The n e x t  s t e p  i s  t o  a t t a c h  3 - c e l l s ,  in  t h e  form o f  
wedges, a lo n g  each  V  so t h a t  t h e  p o i n t s  o f  "C w i l l  noX X
l o n g e r  be n o n -m an ifo ld  p o i n t s .  Le t  r  = c (V ,v ) \V  , then
R(C ,M ,4 ) \p  can be e x p re s s e d  as  (W x [ 0 , 1 ] )  U ¥  U ¥  ,
x _  x _  x
where ¥  x [0] = W„ c  W„ and W„ x [1] = W c  W . I tx x x  x -  -
h as  been e s t a b l i s h e d  in  Lemma 3*4 t h a t  ¥  and ¥  a r ex x
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b o th  2 - c e l l s .  L e t  D__ be a 2 - c e l l ,  and l e t  h *W -> D■X x x x
be a homeomorphism. Define
V ( W x X [ 0 , 1 ] )  u Wx U -  Dx x [ 0 ,1 ]  by hx ( s , t )  =
(h ( s ) , t )  . Le t  M = m ' U [D x [ 0 , 1 ] Jx e S) where
X X *
( s , t )  e ¥x x [ 0 ,1 ]  U Wx U i s  i d e n t i f i e d  t o  hx ( s , t )  .
Lemma 4 . 2 . Each p o i n t  o f  M\(v) has  a ne ighborhood  whose 
c l o s u r e  i s  a  3 - b a l l *
P r o o f . We can e x p re s s  M as  th e  union  o f  two s e t s  a s  f o l ­
lows:  M = Cl(M\ U [Dx X [ 0 ,1 ]  |X e S) U (u(D X [ 0 ,1 ]  |X e S))  . A
p o i n t  p e c l ( M \  U [Dx X [ 0 , 1 ] |X  e S) , excep t  v p o s s i b l y ,  
has  a ne ighborhood  whose c l o s u r e  i s  a 3 - h a l l .  The same i s  
t r u e  f o r  each o f  t h e  p o i n t s  in  D x [ 0 , 1 ]  f o r  each  X e S .
The i n t e r s e c t i o n  o f  t h e s e  two s e t s  i s  a c o l l e c t i o n  o f  2-mani­
f o l d s  w i th  boundary .  There  i s  a m an ifo ld  f o r  each g e n e r a t o r
X . I f  X e S, Cl(M\ U [D x [ 0 , 1 ] |Y e S] D Dv x [ 0 ,1 ]  i sy ■ x
a c t u a l l y  TT U W w i th  s e v e r a l  2 - c e l l s  in  th e  form o f  s t r i p s
x
a t t a c h i n g  Bd(T7 ) t o  Bd(¥ ) . T h e re fo re  each p o i n t  o f  th e
x x
i n t e r s e c t i o n  has a ne ighborhood ,  say 0 , whose c l o s u r e
can be w r i t t e n  as t h e  union  o f  two c lo s e d  3 - h a l l s ,  one in
cl(U[D X [ 0 , 1 ] |Y e S}) and one in  Cl(M\ U [D x [ 0 , 1 ] |Y € S] y y
whose i n t e r s e c t i o n  i s  a 2 - c e l l .  T h e re fo re  t h e  c l o s u r e  o f  0 
i s  a 3 - b a l l .  □
Lemma 4 .3 *  The complex M c o n ta in s  K(P) as a de fo rm at ion
r e t r a c t .
P ro o f .  Each D„ x 1"0,1 ] has  W„ x r o , l ]  U ¥„ U W as
x x , x
a d e fo rm at io n  r e t r a c t ,  and s in c e  D x TO,11 n M =X  L •» J
Wx x [ 0 ,1 ]  U ¥ x U W— , we hav > t h a t  m ' i s  a d e fo rm at io n  
r e t r a c t  o f  M . The r e g u l a r  ne ighborhood  o f  v has  been 
w r i t t e n  as c (V ,v )  , and V\Bd(U) i s  a c o l l e c t i o n  o f  open 
d i s c s ,  one o f  which may be p u n c tu re d  s e v e r a l  t i m e s .  T here ­
f o r e  m ' , which can be w r i t t e n  as  J ( P )  u c (V \Bd(U),v)  
c o l l a p s e s  t o  J ( P )  . Now K(P) i s  a d e fo rm a t io n  r e t r a c t  
o f  J ( P )  , and t h e r e f o r e  K(P) i s  a d e fo rm a t io n  r e t r a c t  
o f  M which com ple tes  t h e  p r o o f .  □
The f o l lo w in g  lemma fo l lo w s  im m ed ia te ly .
Lemma 4 . 4 . tt(M) i s  isom orph ic  t o  t h e  group p r e s e n t e d  by 
P .
P ro o f .  In C hap te r  I  we e s t a b l i s h e d  t h a t  tt(K(P))  i s  i s o ­
morphic t o  t h e  group p r e s e n t e d  by P . F u r t h e r ,  K(P) i s  
a d e fo rm a t io n  r e t r a c t  o f  M , and t h e r e f o r e  7r(K(P)) i s
i som orph ic  t o  tt(M) . Th is  com pletes  t h e  p r o o f .  □
By t h e  boundary o f  M , deno ted  by Bd(M) , we w i l l  
mean a l l  p o i n t s  o f  M\{v) which do n o t  have a ne ighborhood  
t o p o l o g i c a l l y  e q u i v a l e n t  t o  E u c l id ean  3 - sp a c e .  There a r e
t h r e e  so u rc e s  f o r  p o i n t s  in  Bd(M) . The f i r s t  i s  V\V
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The second i s  a h i t  more d i f f i c u l t  t o  d e s c r i b e .  R e c a l l
t i t
t h a t  Dr  and Dr  a r e  t h e  two hem ispheres  o f  t h e  boundary
o f  t h e  t h r e e  c e l l  Er  . Let  Fr  = C1(D^\ U {Dx x [ 0 , l ] j X  e S))
and F* = Cl(D**\ U [D x [ 0 , 1 ] Ix e S))  . Then F* and r x a x
i i  ■
F a r e  d i s c s  which l i e  in  Bd(M) . F i n a l l y ,
Cl(Bd(¥  )\Bd(W )) i s  a c o l l e c t i o n  o f  Ixl 1 - c e l l s  w ithX X '
e n d p o i n t s  x 2 1  and x (21+1)mod( |X | ) + 1  f o r  1 =1 , a , 3 , • • •, | x |  . 
Each such 1 - c e l l  w i l l  be i d e n t i f i e d  as  <x 2 i^ x (2 i+ l )m o d ( JXJ)+l'> 
depending  on i t s  e n d p o i n t s .  Then t h e  t h i r d  sou rce  o f
boundary  p o i n t s  a r e  t h e  2 - c e l l s  <x 2 i , x (2 i + l ) m o d ( J x | ) + l > x 
For  conven ience  we su p p re s s  m o d ( jX |)+ l  and w r i t e  s im ply  
2 i + l  , ex c e p t  f o r  e m p h a s i s ,
Lemma 4 . 5 . The boundary  o f  M i s  a c lo s e d  2 -m a n i fo ld .
P r o o f .  There  i s  o n ly  one p o t e n t i a l  non -m an ifo ld  p o i n t  in  M , 
namely v . T h e re fo re  Cl(M\R(v,M,6 ) ) i s  a 3 -m an ifo ld  w i th  
boundary .  F u r t h e r  each  component o f  Bd(M) i s  a component 
o f  t h e  boundary  o f  Cl(M\R(v,M,6 ) ) . S ince  each component 
o f  t h e  boundary  o f  a 3 -m a n i fo ld  i s  a c lo s e d  2 -m a n i fo ld ,  we 
have t h a t  Bd(M) i s  a c lo s e d  2 - m a n i fo ld .  □
We r e c a l l  t h a t  t h e  symbols |R( , R and |Y (P ) |  
r e s p e c t i v e l y  r e p r e s e n t  t h e  t o t a l  number o f  appea rances  in  
a l l  o f  t h e  r e l a t i o n s  o f  R , t h e  number of  c y c le s  of  t h e  
o rd e r e d  p r e s e n t a t i o n  and th e  number o f  components o f  t h e  g raph
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Y(P) . The symbol p i s  in t r o d u c e d  t o  deno te  t h e  number 
o f  r e l a t i o n s  in  R .
Lemma 4 . 6 . The E u le r  C h a r a c t e r i s t i c  o f  th e  boundary o f  M
i s  g iv en  by x(Bd(M)) = r) -  2 |Y (P ) |  -  |R| + 2 + 2j3 .
P r o o f . In t h e  p r o o f  o f  Theorem 3*9 a c e l l  decom pos i t ion  o f  
V \v '  w i th  (R - |Y (P ) |  + 1) 2 - c e l l s  in  employed. We use  th e  
same one h e r e .  Also t h e r e  a r e  two 2 - c e l l s  in  Bd(M) f o r  
each r e l a t o r  f o r  a t o t a l  o f  2p . F i n a l l y  t h e r e  a r e  |R| 
2 - c e l l s  o f  t h e  form <x 2 i #x2 i+ l '> x E0 *1 ! * This  ex h a u s t s  
t h e  2 - c e l l s  in  Bd(M) , and t h e r e f o r e , o n e  c e l l  decom pos i t ion  
o f  Bd(M) has  a t o t a l  o f  (r\ -  |y ( P ) |  + 1 + |R| + 2 p ) 
2 - c e l l s .
1R e c a l l i n g  t h a t  Bd(V ) i s  a c o l l e c t i o n  o f  s im ple  c l o s e d  
c u r v e s ,  we can exc lude  Bd(V ) from th e  co m p u ta t io n .  Th is  
ex c lu d es  a l l  o f  t h e  v e r t i c e s  and a l l  b u t  | y ( P ) | - 1  1 - c e l l s  
in  Q and t h e  2 |R| 1 - c e l l s  o f  th e  form fx 2 i - i ^  x C0 *1 ] 
and fx 2 ^) x [ 0 , 1 ]  . T h e re fo re  x(Bd(M)) =
T1 -  |Y (P) I + IRI + 2P -  ( IY (P) I -  1 + 2 | R | )  = r| -  S|Y (P) 1 +
2 -  |R |  + 2(3 . □
In o r d e r  t o  I d e n t i f y  Bd(M) , i t  i s  n e c e s s a r y  t o  de­
t e rm in e  how many components i t  h a s .  F i r s t ,  c o n s id e r  th e
c l o s u r e  o f  Bd(M\V) , which i s  t h e  union o f  d i s c s  o f  t h e  
form F̂ . , F^,' and <x 2 i , x (2 i+ l )"> x • The v a r io u s
k 'J
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c e l l s  o f  t h e  ty p e s  Fr  and Fr  a r e  p a i r w i s e  d i s j o i n t .
But each d i s c  o f  t h e  form <x 2 i , x (21+1)^ x
a t t a c h e d ,  a lo n g  t h e  1 - c e l l s  {x- ) x [ 0 ,1 ]  , t o  c e l l s  o f
Jl i t
t h e  ty p e  Fr  o r  Fr  . T h is  p ro v id e s  a c o n n e c t in g  l i n k  
between c e r t a i n  o f  t h e s e  p a i r s .  Which of  t h e s e  2 - c e l l s  a r e  
so connec ted  i s  r e a d a b le  from t h e  o rd e re d  p r e s e n t a t i o n  in  
t h e  f o l lo w in g  manner.  I f  Xi  i s  an appea rance  in  r  and
i i i
X( i+ l )m o d ( |X J )+ l  i s  an aPPea ra n ce  in  s th e n  Fr  and Fg 
w i l l  be connec ted  by t h e  d i s c  <x2 i , x ( 2 i + l ) m o d ( |X | ) + l >x ^ *
i t
F and F w i l l  be s i m i l a r l y  j o in e d  i f  X. i s  an
i  S  X
appearance in  r and +i ) mo(j ( |x  J )+ i i s  an aPPea*,ance
i t  i i  -1in  s . F and F w i l l  be j o in e d  by i f  X. i s  an
r  S  X
appearance  in  r  and X | x J ) + i  i s  an appearance  in
i i  t
s . F i n a l l y ,  Fr  and F0 w i l l  be connec ted  in  t h i s  f a s h io n  
whenever x f  and X ^ +1)m oa( | X| )+1 a r e  in  r  and s 
r e s p e c t i v e l y .
Once ag a in  a m a t r i x  can be employed t o  d e te rm in e  th e  
number o f  components o f  a complex. Let  H be t h e  2(3 by 
2(3 m a t r i x  w i th  each row and column a s s o c i a t e d  w i th  one o f
t i t
t h e  d i s c s  o f  t h e  ty p e s  Fr  o r  Fr  . Each e n t r y  i s  ze ro  
excep t  where th e  row and column r e p r e s e n t  d i s c s  which a re  
connec ted  by some <x 2 i , x 2 i+ l '> * t 0 *1 ! * in  which case  t h e  
e n t r y  i s  o n e .
Lemma 4 . 7 .  The number o f  components o f  Cl(Bd(M)\V) i s
t h e  row r a n k  o f  t h e  a d j u s t e d  m a t r ix  *
P r o o f . T h is  i s  an immediate  consequence o f  Theorem 2 .1 0 .  □
T h is  does n o t  d e te rm in e  t h e  components of  Bd(M) as  
y e t ,  due t o  t h e  f a c t s  t h a t  one component o f  Cl(Bd(M)\V) 
may n o t  he a t t a c h e d  t o  Q o r  may he a t t a c h e d  t o  Q a long  
s e v e r a l  s im ple  c l o s e d  c u r v e s .  That  i s  Bd(M)\(Bd(M) H V) 
c o n s i s t s  o f  Q , a 2 - s p h e re  w i th  | y ( P ) \  h o l e s ,  and a c o l ­
l e c t i o n  o f  2 - c e l l s .  Then o f  co u rse  each component o f  
Cl(Bd(M)\V) which i s  a t t a c h e d  t o  Q reduces  t h e  number 
o f  component o f  Bd(M) hy one from th e  number o f  components 
o f  Cl(Bd(M)\V) . To compute t h e  number o f  components o f  
Bd(M) , i t  must be d e te rm in ed  by i n s p e c t i o n  i f  t h e  numbers 
o f  components o f  Cl(Bd(M)\V) i s  reduced  by Y(P) o r  
few er  by a t t a c h i n g  Q .
S ince  (Bd(M)) and th e  number of  components o f  Bd(M) 
a r e  b o th  com putab le ,  a l l  t h a t  i s  r e q u i r e d  t o  d e te rm in e  th e  
i d e n t i t y  o f  Bd(M) i s  t o  de te rm in e  w he the r  o r  n o t  Bd(M) 
i s  o r i e n t a b l e . F i r s t  t h e  o r i e n t a b i l i t y  o f  M i s  c o n s id e r e d
Lemma 4 . 8 . The complex M i s  o r i e n t a b l e .
P r o o f .  Theorem 3*8 i n c l u d e s  t h e  f a c t  t h a t  V i s  o r i e n t a b l e  
F u r t h e r  an o r i e n t a t i o n  on V induces  an o r i e n t a t i o n  on 
c (V ,v )  , M can be r e a l i z e d  from c(V ,v)  by a t t a c h i n g  
|S |  h a n d le s  t o  c (V ,v )  , one f o r  each g e n e r a t o r ,  in  an
o r i e n t a t i o n  p r e s e r v i n g  manner, and then  a t t a c h i n g  p
c e l l s  so t h a t  each i n t e r s e c t s  c(V ,v)  and t h e  h a n d le s  a lo n g
an a n n u l u s . I t  fo l lo w s  t h a t  M i s  o r i e n t a b l e . □
Lemma 4 . 9 - The boundary o f  an o r ie n ta b le  3-m anifo ld  w ith  
boundary i s  o r i e n t a b le .
P r o o f . Le t  N be an o r i e n t a b l e  3 -m an ifo ld  w i th  boundary .
I f  Bd(N) i s  n o t  o r i e n t a b l e  then  Bd(N) c o n t a i n s  a copy 
o f  a Moibus band .  S ince  N i s  o r i e n t a b l e ,  R(C,N,cr) a 
t o r u s .  But t h i s  i s  a c o n t r a d i c t i o n  s in c e  
R(C ,Bd(N ),a)  c  B d(R (C ,N ,a ) ) and t h e  boundary  o f  a t o r u s  
cannot  c o n ta in  a Moebius band .  □
Lemma 4 . 1 0 . Bd(M) i s  o r i e n t a b l e .
P r o o f . Let  r '  = R(v,M,a)  . Then C l ( M \ r ' )  i s  an 
o r i e n t a b l e  3 -m a n i fo ld .  F u r t h e r  B d (M) i s  a component of  
B d (C l ( M \ r ' ))  • Lemma 4 . 9  im p l ie s  t h a t  B d ( C l ( M \ r  ) )  i s  
o r i e n t a b l e ,  and t h e r e f o r e  Bd(M) b e in g  a component i s  
o r i e n t a b l e . □
At t h i s  p o i n t ,  b e g in n in g  w ith  an o rd e re d  p r e s e n t a t i o n  
P , we can c o n s t r u c t  an o r i e n t a b l e  t h r e e  d im e n s io n a l  c e l l  
complex M such t h a t  ir(M) i s  p r e s e n t e d  by P , and v 
i s  t h e  on ly  p o s s i b l e  non -m an ifo ld  p o i n t  o f  M . F u r t h e r ,  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  M t o  be a 3 -m ani-
f o l d  w i th  boundary  can now be g i v e n .
Theorem 4 . 1 1 . M i s  a  3 -m an i fo ld  w i th  boundary i f  and 
on ly  i f  X(V) = 2 , t h a t  i s  V i s  a s p h e re .
P ro o f .  I t  i s  c l e a r  t h a t  i f  V i s  a 2 - sphere  th en  s in c e  
c (V ,v )  i s  a 3 - b a l l ,  M i s  a m a n i fo ld .  On t h e  o t h e r  
hand,  i f  M i s  a m a n i fo ld ,  th en  V i s  a m a n i fo ld  w i th  
sp in e  v , t h a t  i s  U c o l l a p s e s  'to- v . Then a l l  r e g u l a r  
ne ighborhood  o f  v must be a b a l l ,  i t  f o l lo w s  t h a t  U i s  
a b a l l  and V i s  a 2 - s p h e re .  □
An i n t e r e s t i n g ,  b u t  known, f a c t  can be s t a t e d  as  a 
c o r o l l a r y .  I f  Bd(M) i s  a l s o  a 2 - s p h e re  th en  be add ing  
a b a l l  t o  M a 3 -m an ifo ld  w i th  empty boundary  i s  o b ta in e d  
w ith  fundam enta l  group p r e s e n te d  by P . From t h e  e q u a t io n  
X(V) = x(Bd(M)) t h e  f a c t  t h a t  |S |  = p can be i n f e r r e d .  
Which says  t h a t  th e  number o f  g e n e r a t o r s  must e q u a l  t h e  
number o f  r e l a t o r s  i f  a c lo s e d  m a n i fo ld  i s  t o  be produced 
in  t h i s  manner.
CHAPTER V
We now have n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  on an 
o rd e r e d  p r e s e n t a t i o n ,  P , f o r  th e  complex, K(P) , t o  be th e  
sp in e  o f  an o r i e n t a b l e  3 -m an i fo ld  w i th  boundary .  In t h i s  
c h a p t e r  we r e l a x  t h e  o r i e n t a b i l i t y  c o n d i t i o n . The t e c h ­
n iq u e s  and c o n s t r u c t i o n  o f  Chap te rs  I I ,  I I I  and IV a r e  
m o d i f ie d  so t h a t  t h e  r e s u l t i n g  m an ifo ld  may be n o n - o r i e n t -  
a b l e .  We beg in  by i n t r o d u c i n g  th e  n o t io n  o f  an o r i e n t e d  p r e ­
s e n t a t i o n  .
D e f i n i t i o n  5 . 1 . By an o r i e n t i n g  f u n c t i o n  f o r  an o rd e red  
p r e s e n t a t i o n ,  P = (cp, S,R) , we mean a f u n c t i o n  0 :S  ■* {1 , -1 )  .
By an o r i e n t e d  o rd e r e d  p r e s e n t a t i o n  P , we mean an o rd e red  
p r e s e n t a t i o n  P and an o r i e n t i n g  f u n c t i o n .
I f  P i s  an o r i e n t e d  o rd e re d  p r e s e n t a t i o n  then  t h e  CW-com­
p le x  a s s o c i a t e d  w i th  P , K(P) , i s  n o t  a l t e r e d  from t h a t  d e f in e d  
in  D e f i n i t i o n  1 . 2 .  S i m i l a r l y  th e  CW-complex J ( P )  as  g iven  in  De­
f i n i t i o n  3«1 remains unchanp^ed. In f a c t ,  t h e  f i r s t  change in  th e
c o n s t r u c t i o n  occurs  in  t h e  naming scheme f o r  f o u r  p o i n t s  
on B d ( D ( s , t ) )  were s and t  a r e  an a d j a c e n t  p a i r .
The naming scheme fo r  the o r ie n ta b le  case was p resen ted  
in Table 3-3* We now l i s t  the changes which need to  be 
made to  in troduce n o n - o r i e n t a b i l i t y .
Table 5 . 2 .
(!■) d (x±,Yj ) x21_1 x 2 i  y2j _ i  y2j
(3 ) D(X11 ,YJ ) x 21-1 x 2 i  y2J y 2 j - l
(4 ) x 2 i _1 x2 i  y ^ j - i  y2j
Table 5*2 p resen ts  the adjustments to  Table 3«3. There 
are corresponding adjustments to  Table 2 .4  which can be 
s ta te d  as fo l lo w s:
Table 5«3«
(1) i f  X  ̂ i s  fo llow ed  by Yj then (x 2 i - l , y 2 j )*
(x2 i , y 2 j - l )  £ T *
(3) i f  XT1 i s  fo llo w ed  by Yj then ( ^ 2 1 -1 ^ 2 j - l ) '
(x2 i , y 2j )  e T .
(4) i f  XT1 i s  fo llo w ed  by Y^1 then (x2 i - l - ' y 2 j ^
^ 2 i , y 2 j - l )  e T •
These adjustments are ap p lied  depending on the value  
o f  th e  o r ie n ta t in g  fu n c t io n .  I f  0(X) = 1 and (9(Y) = 1 
then Table 3-3  and Table 2 .4  are used as they  sta n d . I f
0(X) = 1 and @(Y) = -1  , s u b s t i tu te  3* and 4 fo r  3 and
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4 .  And i f  0(X) = -1  and S(Y) = -1  s u b s t i t u t e  1* and
i
4 f o r  1 and 4 .  What we accom plish  by making t h e s e  sub­
s t i t u t i o n s  i s  a r e v e r s i n g  o f  t h e  o r i e n t a t i o n  on Bd(Wx )
i f  0(X) = -1  . That i s ,  t h e  d i s c s  Wx and ¥_ a r e  now
x
c o n s t r u c t e d  in  t h e  same f a s h io n  as  C hap te r  I I I ,  w i th  th e  
r e s u l t  b e in g  t h a t  t h e  o r d e r  o f  a s ce n d in g  s u b s c r i p t s  o f  th e  
p o i n t s  x± on Bd(¥—) and th e  p o i n t s  on Bd(T7y) a r e
in  d i f f e r e n t  d i r e c t i o n s  i f  0(X) ^  e(Y) . We now i n v e s t i ­
g a t e  th e  r e s u l t  o f  t h e s e  c h a n g e s .
Lemma 5 . 3 . Le t  P be an o r i e n t e d  o rd e r e d  p r e s e n t a t i o n  and 
V* be t h e  c e l l  complex c o n s t r u c t e d  as  in  Chap ter  I I I ,  u s in g  
th e  a p p r o p r i a t e  s u b s t i t u t i o n s  from T ab le  5 -2 ,  then  v '  i s  
o r i e n t a b l e .
P r o o f . The b o u n d a r ie s  of  t h e  r e g u l a r  ne ighborhoods  of  x 
and x , f o r  each X e s  a re  o r i e n t e d  as  f o l lo w s :  The
p o i n t s  x^jXgiX^a * * *>* j x | ap p e a r  in  t h i s  o r d e r  on BdfW^.) . 
We ta k e  as  th e  p o s i t i v e  d i r e c t i o n  th e  d i r e c t i o n  o f  i n c r e a s i n g  
s u b s c r i p t s .  The p o i n t s  x ^ x ^ x ^ ,  • • • ,x  j x | ap p e a r  in  t h i s  
o r d e r  on Bd(¥_) . I f  0(X) = 1 t h e  p o s i t i v e  d i r e c t i o n
X
around Bd(¥-)  i s  ta k en  in  th e  d i r e c t i o n  o f  d escend ing  
s u b s c r i p t s .  I f  0(X) = -1 , t h e  p o s i t i v e  d i r e c t i o n  around 
Bd(W_) i s  tak en  in  t h e  d i r e c t i o n  o f  a s c en d in g  s u b s c r i p t s .
Now each o f  t h e  r e g u l a r  ne ighborhoods  o f  t h e  p o i n t s  f y |y  = x 
o r  y=x,Xe S} i s  o r i e n t e d .  Whenever one o f  t h e s e  n e ig h b o r -
hoods i s  c o n t ig u o u s  t o  a d i s c  D* ( s , t )  i t  induces  an
i ,  . i .
o r i e n t a t i o n  on D ( s , t )  . Then each d i s c  D ( s , t )  has 
o r i e n t a t i o n s  induced  upon i t  from two s o u r c e s .  We need 
t o  show t h a t  t h e s e  two a g re e  and each o f  th e  s u b s t i t u t e
i i . i
naming schemes,  1 , 3 » and 4 , must be examined w i th  r e ­
g a rd  t o  t h i s  a g r e e i n g .  I f  t h e  m a n i fo ld  i s  c o n s t r u c t e d  
u s in g  T ab le  3*3# we have a l r e a d y  e s t a b l i s h e d  th e  theorem 
in  Theorem 3 . 7 .
Case 1 . Suppose t h e  f o u r  p o i n t s  t o  be named on 
Bd(D* (X, ,Y . ) )  a re  named u s i n g  l ' o f  T a b le  5 . 2 .  P r o c e e d in g
X J
around Bd(D (X, ,Y . ) )  we e n c o u n te r ,  in  o r d e r ,  th e  p o i n t s
x 2 i - l '  x 2 i* ^ 2 j - l '  and ^ 2 j  * s i n c e  we a r e  employing 1  
we know 0(Y) -  -1  . In which case  Bd(E-) i s  p o s i t i v ey
in  t h e  d i r e c t i o n  o f  a s c en d in g  s u b s c r i p t s .  T h e re fo re  th e  
o r i e n t a t i o n s  induced  on Bd(D*(Xi , Y j ))  a g r e e .
Case 2 . L ine 3* i s  used  from Table  5 .2  t o  name th e  
f o u r  p o i n t s  on Bd(D*(X7^,Y. ) )  . P roceed ing  around
X J
Bd (D* ( X ^ ,Y j  ) )  t h e  s u b s c r i p t s  descend on th e  x ' s  and
 i_______________________________________________________
a s c e n d  on th e  y s . T h e re fo re  th e  o r i e n t a t i o n s  on W—X
and UL. d i f f e r  in  t h e  se n se  t h a t  one must be p o s i t i v e  iny
t h e  d i r e c t i o n  o f  a s c e n d in g  s u b s c r i p t s  and th e  o t h e r  n e g a t i v e .
i
This  i s  e x a c t l y  what happens s in c e  3 i s  s u b s t i t u t e d  only  
when 0'X) ^  0(Y) . .
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Case 3 . L ine 4 o f  T ab le  5*2 i s  u sed  t o  name th e  f o u r
p o i n t s  on Bd(D* (XT^Y-!!1 ) ) . N o t ic e  in  one d i r e c t i o n  b o th
■*" J
—  t I
t h e  x s and y s a r e  e n c o u n te re d  in  o r d e r  o f  d escend ing  
s u b s c r i p t s .  But 4* i s  u sed  on ly  when 6 (X) = -1  . And in  
t h i s  ca se  b o th  Bdffa-) and Bd(Wy) a r e  p o s i t i v e  in  t h e  
o rd e r  o f  i n c r e a s i n g  s u b s c r i p t s .  T h e re fo re  th e  two o r i e n t a ­
t i o n s  induced  on Bd(D*(XT1 ,YT1 ) ) a g r e e .  T h is  com pletes
X J
Case 3 as  w e l l  as  th e  p r o o f .  □
The number o f  c y c le s  o f  an o rd e r e d  p r e s e n t a t i o n  p la y s  
a s i g n i f i c a n t  r o l e  in  t h e  c o n s t r u c t i o n  o f  V in  Chapter  I I I .  
The number o f  c y c le s  depended upon th e  o r d e r i n g  o f  t h e  p r e ­
s e n t a t i o n .  Now t h a t  t h e  concep t  o f  an o r i e n t a t i o n  f u n c t i o n  
has been in t r o d u c e d ,  we need t o  i n v e s t i g a t e  i t ' s  e f f e c t  on 
t h e  number of  c y c le s  and c o n s e q u e n t ly  on V . I t  i s  n e c e s ­
s a ry  when t h e r e  i s  a cho ice  o f  o r d e r s  and o r i e n t a t i o n s  f o r  
P t o  be s p e c i f i c  in  ou r  n o t a t i o n .  T h e re fo re  i f  § i s  an o rd ­
e r i n g  and 6 i s  an o r i e n t a t i o n  f o r  P ,- we deno te  t h e  number 
o f  c y c le s  by t i (§*0 ) j deno te  t h e  r e l a t i o n  T d e f in e d
in  Table  2 .4  by T (§ ,0 )  and s i m i l a r l y  V* and V by 
V (g ,e )  and V (? ,0 )  . F u r t h e r ,  r e c a l l i n g  t h a t  ? was a 
c o l l e c t i o n  o f  f u n c t i o n s ,  one f o r  each g e n e r a t o r ,  we denote  
by th e  f u n c t i o n  o f  § a s s o c i a t e d  w i th  X . We l e t
Tf be t h e  o r i e n t a t i o n  such t h a t  H(X) = 1' f o r  a l l  X e S . 
Employing t h i s  symbolism we can s t a t e  t h e  f o l lo w in g  lemma.
56
Lemma 5 . 4 . Let  P be a p r e s e n t a t i o n  w i th  o r d e r in g  §
i
and o r i e n t a t i o n  0 . Then t h e r e  i s  an o r d e r in g  § such
t h a t  ri (? ,  0 ) = “H (§ '  >"&) •
i i
P ro o f .  We d e f i n e  5 by d e f i n i n g  f o r  each X e S as
f o l l o w s :
-1
There i s  a  o n e - to -o n e  f u n c t i o n  y from T ( ? ,0 )  U T* onto  
T (§* s~&) U t '  d e f in e d  as f o l l o w s :
I f  (xi , y J ) e T (§ ,0 )  l e t  Y ((x i , y j ))  = (x±,y ^ )  .
I f  6 T ( ? ,0 )  l e t
( ^ Xi , y 2 l y l + l - j ) i f  = " 1  *
Y (( x i ,y^)  = \
I(x i ^ y j )  i f  0 ( x )  = 1  •
I f  (X j^y j)  € T ( ? ,0 )  l e t
1 f(*2|*i+x-i«yj) if ®(x) = - 1
Y = j
( ( * ±» y j)  l f  ° ( x ) = 1
I f  (x±, y j )  e T ( § , 0) l e t
=x
| x |  + 1 -  ? i f  e ( x )  =
Sx i f  e ( x )  = 1  •
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( X i , y j )  i f  0(X) = 1 and d(Y) = 1 
(x i * ^ 2 | y | + l - j )  l f  ®(x ) “  1 and 8 (Y) = - 1
< * 2 |* |+ i - i ’yj)  l f  = - 1 and ®(Y) = 1 
V . ^ 2 | x | + l - i ’y 2 | y | + l - j )  l f  e (x '> = _1 and = ■1
I f  ( x . , x . )  e T* l e t
X J
Y ((x i , x . ) )  = (x±, x . )  and
^ i ' X j )  i f  e (x ) = 1
^ 2 j x | + l - j , x 2 | x | + l - i ^  i f  ~ -1  ‘
Now a c y c le  o f  P when P i s  o r i e n t e d  and o rd e re d  by 
5 and 0 i s  s u b s e t  o f  T(Y,0)  U T . We c la im  t h a t  th e  
image u n d e r  Y o f  a c y c le  in  T ( ^ 0 )  U t ' i s  a c y c le  in  
T ( s \ * )  U T* To see  t h i s  we need on ly  t a k e  a p a i r  from 
T (§ ,0 )  and a p a i r  from T* which form a l i n k  and show t h a t  
t h e i r  images u n d e r  Y form a l i n k .
A p a i r  from T(Y,0)  and a  p a i r  from t '  which form 
a l i n k  have a common e n t r y .  But from th e  d e f i n i t i o n  o f  y * 
i f  two p a i r s  have a common e n t r y  images in  T(Y,0) and T*
have a common e n t r y ,  and t h e r e f o r e  form a l i n k .  □
C o n s t ru c t io n  o f  t h e  V er tex  M anifo ld  V (£ ,0)  . Let P
be a p r e s e n t a t i o n  o rd e re d  and o r i e n t e d  by § and 0 r e ­
s p e c t i v e l y .  We have c o n s t r u c t e d  th e  2 -m an ifo ld  w i th  bound­
a ry  v '  ( ? ,0 )  which has  a boundary c o n s i s t i n g  o f  r i (? ,0 )
s im ple  c lo s e d  c u r v e s .  The number o f  components o f
V(?*0) » Y(P) , i s  in dependen t  o f  b o th  t h e  o r d e r  and th e
o r i e n t a t i o n .  The v e r t e x  m a n i fo ld ,  V (§ ,0 )  , i s  c o n s t r u c t e d
as in  Chap te r  I I I ,  That  i s  a s im ple  c l o s e d  curve  i s  chosen
from each o f  t h e  components o f  t h e  boundary  o f  V (§ ,0 )  ,
and a 2 - s p h e re  Q w i th  t h e  i n t e r i o r s  o f  | Y(P)J d i s j o i n t
1d i s c s  removed i s  a t t a c h e d  t o  V (§*0) by i d e n t i f y i n g  each 
o f  t h e  s e l e c t e d  s im ple  c lo s e d  cu rv es  t o  t h e  boundary o f  
one o f  t h e  m is s in g  d i s c s  in  Q . The m a n i fo ld  V i s  then  
com pleted  by a t t a c h i n g  a d i s c  t o  each rem a in in g  boundary 
components o f  v ' (§ , 0 )  U Q . Noth ing  in  t h e  new c o n s t r u c t i o n  
i n v a l i d a t e s  th e  p ro o f  o f  Theorem 3 -8 ,  and t h e r e f o r e  V (§ ,0 )  
i s  a connec ted  c lo s e d  o r i e n t a b l e  2 - m a n i fo ld .
Theorem 5«5« Let P be a p r e s e n t a t i o n  w i th  o r d e r  § and
i
o r i e n t a t i o n  0 . Then t h e r e  i s  an o r i e n t a t i o n .  § such 
t h a t  V (? ,0 )  i s  t o p o l o g i c a l l y  e q u i v a l e n t  t o  .
P r o o f . The c lo s e d  2 -m an ifo ld  V (? ,0 )  c h a r a c t e r i z e d  by 
i t s  E u le r  c h a r a c t e r i s t i c  which i s  g iven  by
X (V (g ,0 ) )  = r i(S ,0)  + 2 1S | + 2 -  2 J y (P) \ -  R . And Lemma 5*4 
says  t h e r e  i s  a such t h a t  t i ( ? , 0 )  = q (?  /$ )  . F u r t h e r ,
none o f  t h e  o t h e r  te rm s  in  t h e  e x p r e s s io n  f o r  X a r e  
dependen t  on 6 . T h e re fo re  X (V (§ ,0 ))  = x(§ '*"^))  and we 
p rove  t h e  theorem . □
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C o n s t ru c t io n  o f  t h e  n e a r  m a n i fo ld  M(Y, ) . For  each
X e S , l e t  F "be a 2 - c e l l  and h be a horaeomorphism
X  X
from F on to  ¥  . Let  T— = K(P) fl ¥ -  and T = K(P) fl ¥  .
. x  X  X  X  X
Let h :¥„„-* ¥~  be a homeomorphism such t h a t  h (x. ) =
x x x x 1
= x_. and h (T ) = T— . Then a t t a c h  th e  c e l l  F x f 0 ,1  ]i  —' x 7 x x LX
t o  C(V, v) by th e  a t t a c h i n g  maps h :F x [0] -* ¥  d e f in e d
X X  X
by h ' ( t , 0 )  = h ( t )  and h ’ :Fv x (1)  -* d e f in e d  by
a  x  ^  X  X
h ' ( t , l )  = h ( t )  . Let  M1 = c (V ,v )  U (F |X e S) . Then a 
x x  x
r e g u l a r  neighborhood o f  t h e  g e n e r a t i n g  lo o p s ,  R (B ,K (P) ,a )
i s  t o p o l o g i c a l l y  e q u i v a l e n t  t o  a s u b s e t  o f  M* . This  sub­
s e t ,  which we c a l l  T , can be e x p re s se d  as  
T = c(K(P) n V,v) U [T X [ 0 , 1 ] IX e S] .
X  '
Lemma 5»6 . T i s  a s t r o n g  d e fo rm a t io n  r e t r a c t  o f  M .
P r o o f . C(V,v) c o l l a p s e s  on to  C ( v ' , v )  . Each h a n d le ,
F X [ 0 ,1 ]  c o l l a p s e s  o n to  T x [ 0 ,1 ]  U ¥  U ¥ -  . This
X  X X X
l e a v e s  C(V ,v )  U [T x [ 0 , 1 ] |X e S] which c o l l a p s e s  t o
X  '
C(K(P) D V,v) U [T x [ 0 , 1 ] |X e S] s in c e  V* c o l l a p s e s
X  *
t o  k ( p ) n v  .
Now T 0 BdM i s  a  c o l l e c t i o n  o f  s im ple  c lo s e d  cu rv e s ,  
one such curve  f o r  each r e l a t o r  r  , say  Cr  . A t tach  a
2 - c e l l  Fr  t o  M by i d e n t i f y i n g  Bd(Fr ) t o  Cr  . The
r e s u l t i n g  complex c o l l a p s e s  t o  a  2-complex which i s  to p o ­
l o g i c a l l y  e q u i v a l e n t  t o  K(P) . Under what c o n d i t i o n s  can
6 0
t h e  d i s c s  Fr  "be f a t t e n e d .  The answer t o  t h i s  i s  i f  
R(Cr ,BdM^4) i s  a a n n u l u s .
Lemma 5 . 7 . R(Cr ,BdM ',4)  i s  an annu lus  i f  and o n ly  i f  th e  
numbers o f  ap p e a ran c e s  o f  g e n e r a t o r s  in  R w i th  o r i e n t a t i o n  
number - 1  i s  e v e n .
P r o o f . R(Cr ,BdM',4)  can be w r i t t e n  as t h e  union  o f  d i s c s  
o f  two t y p e s .  The f i r s t  ty p e  i s  what has  been c a l l e d  D ( s , t )  
where s and t  form an a d j a c e n t  p a i r  o f  a p p ea ran c es  in  
r  . The r em a in in g  d i s c s  c l (R (C r ,BdM ,4 ) \V  can each be 
e x p re s se d  in  t h e  form <x i * x 2 i+ l>  x f 0 *1 ! a s u b s e t  o f  
Tx x [ 0 , 1 ]  . In t h e  c o n s t r u c t i o n ,  <x 2 i ^ x 2 i+ l '> x ^  was 
i d e n t i f i e d  t o  <x 2 i , x 2 i+ l '> w;5-4h p o i n t s  o f  some s u b s c r i p t s
b e in g  i d e n t i f i e d .  But i f  (X) = -1  t h i s  i n t r o d u c e d  a h a l f  
t w i s t  because  o f  th e  way t h e  p o i n t s  on Bd D ( s , t )  were named, 
Each t im e Cr  c r o s s e s  a hand le  o f  a g e n e r a t o r  w i th  o r i e n t a ­
t i o n  number -1  a h a l f  t w i s t  i s  added .
Suppose M has  th e  p r o p e r t y  t h a t  f o r  each r e l a t o r  r  , 
R(Cr ,BdM,4) i s  an a n n u l u s .  Then a 3 ~ c e l l  e x p re s sed  as 
Hr  x [ 0 ,1 ]  can be a t t a c h e d  t o  M* such t h a t  Bd(Hr  x [ 0 , 1 ] ) =
= R(Cr ,BdM',4) . Let  M = M* U {Hr  X [ 0 , l ] | r  e R ] . □
Lemma 5 . 8 . Each p o i n t  o f  M\[v) has  a neighborhood w ith  
c l o s u r e  t o p o l o g i c a l l y  e q u i v a l e n t  t o  a 3 - c e l l .
P r o o f .  Each p o i n t  o f  c ( V , v ) \ [ v ]  , t . x [ 0 ,1 ]  and f  x [ 0 ,1 ]x r
which does n o t  l i e  in  th e  d i s c s  ¥  , o r  t h e  annu lusX  X
R(Cr ,BdM*,4 )  c e r t a i n l y  has a ne ighborhood  o f  t h e  r e q u i r e d  
s o r t .  Any p o i n t  o f  M* l y i n g  in  a d i s c  ¥  o r  ¥ 7  has
X  X  .
a ne ighborhood  in  C(V,v) w i th  c l o s u r e  o f  a 3 - c e l l  as  w e l l  
as  a ne ighborhood  in  Tr  x [ 0 , 1 ] w i th  c l o s u r e  o f  a 3 - c e l l  
and th e  i n t e r s e c t i o n  o f  t h e s e  two ne ighborhoods  i s  a 2 - c e l l  
in  V so t h a t  t h e i r  union i s  a 3 - b a l l .  T h e re fo re  each p o i n t  
o f  M\{v) has  a ne ighborhood  in  M w i th  t h e  c l o s u r e  t o p o ­
l o g i c a l l y  e q u i v a l e n t  t o  a 3 - c e l l .
I f  p i s  a member o f  R(Cr ,BdM*,4 )  th en  p has a 
ne ighborhood  in  F x [ 0 ,1 ]  and a ne ighborhood  in  M* bo th  
c l o s u r e s  e q u i v a l e n t  t o  3 - c e l l s  w i th  i n t e r s e c t i o n  e q u i v a l e n t  
t o  a 2 - c e l l .
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